Solutions to Math 42 First Exam — January 28, 2014

1. (12 points) Compute each of the following integrals, showing all of your reasoning.

2
(a) / t2e dt
0

(b) / sec? 20 tan* 26 df
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2. (13 points) Compute each of the following integrals, showing all of your reasoning.

(a) /\/436——2—952 da
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26 -9
1 2d:c
zt —x

3. (8 points) Show all your steps in computing /
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4. (8 points) Let f(x) = e}/ In this problem, we study approximations of the following integral:
3
/ e/ du (Note: don’t evaluate this integral.)
1

(a) Show that if this integral is approximated using the Midpoint Rule with n = 10 subintervals, then
the approximation is accurate to within 0.1 units. Explain all reasoning; you may make use of

z(1 49
the fact that f”(z) = ij).
x

(4 points)
Method 1: Note that the function

is the sum of two positive, decreasing functions of x. (In each case, the denominator is a
positive, increasing function, and the numerator is a positive, decreasing function.) Hence f”(z)
is a decreasing function on [1, 3] and it reaches its maximal value at z = 1 for 1 < x < 3. So we
have

If"(x)| < f"(1) =3e forall 1<z<3.

Using the error bound of midpoint rule with n = 10 and taking Ko = 3e, we get

3¢(3—1)* _ 30(3—1)°

=0.1.
24 x 102 — 24 x 102 0

|Eum| <

Method 2: For 1 < x < 3, we have

el/%(1 + 2x)
max |———=
v

1
< max (e”””) X max |14 2z| X max | —
1<a<3 1<a<3 1<a<3

~ 1<2<3 x4

<exT7x1="Te

By taking Ko = 7e, one can still get |Eys| < 0.1 by a similar calculation as above.

(b) How many subintervals n would ensure that the Midpoint Rule approximation is accurate to
within 10~° units? Give a valid n in simplified form. (As long as you justify your answer, you do
not have to find the best possible value.)

(4 points) To ensure |Fy;| < 1075, we only need to find n such that

K5(3—-1)3

-5
24 x n? <1077

where K is the bound of |f”(x)| computed in part (a).
By taking Ky = 3e, we have
n? > 10%e
and hence n > v10%e = 100v/10e. Since 6 > /30 > v/10e, we see that is an example
of a valid n.

Grading notes: Most people had confusing/incorrect inequalities throughout their solutions,
and did not give an example valid n in simplified form. This was graded with lenience this time,
but on subsequent exams it won’t be.
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5. (9 points) An ice core is a long, thin cylinder of solid ice removed from a glacier by a vertical drilling
process. One such core taken from an Antarctic ice sheet is 1200 cm in length; it is studied to determine
the varying properties of glacier ice whose depth, z, ranges from 0 cm (i.e., the surface) to 1200 cm.
For each such z, a thin cross section of the core is circular of constant radius 10 c¢m, and has mass
density d(x) g/cm?®, according to the values given in the following table:

T 0 200 | 400 | 600 800 | 1000 | 1200
d(x) || 0.71 | 0.87 | 0.89 | 0.905 | 0.912 | 0.916 | 0.917

(a) Set up an integral involving the function d which expresses the total mass of the ice core in grams.

(3 points) The cross section at = has the area 7r? = 1007 for each z. So the mass is

1200
/ 1007d(z) dz
0

(b) Write an expression, involving only numbers, that approximates your integral from part (a) by
the Trapezoidal Rule, using all of the data in the table. Do not simplify your answer.

(3 points) Noting that n = 6, Az = % = 200, so the approximation by Trapezoid rule is
given by

200
Ts = (100m) 5= (0.71+2 x 0.87 +2 x 0.89 +2 x 0.905 +2 x 0.912 +2 x 0.916 +0.917)

= 100007 (0.71 + 2 x 0.87 + 2 x 0.89 4+ 2 x 0.905 + 2 x 0.912 + 2 x 0.916 + 0.917)

(c) Write an expression, involving only numbers, that approximates your integral from part (a) by
Simpson’s Rule, using all of the data in the table. Do not simplify your answer.

(3 points) Again, n = 6, Az = 200, so the approximation by Simpson’s rule is given by
200
S¢ = (100%)? (0.714+4 x 0.87+ 2 x 0.89 +4 x 0.905+ 2 x 0.912 + 4 x 0.916 + 0.917)

20000
= T (0.71+4 x 0.87 +2 x 0.89 + 4 x 0.905 4+ 2 x 0.912 4+ 4 x 0.916 + 0.917)
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6. (8 points) The city of Centropolis has the shape of a circle 8 miles in radius; the population density

5
at a point r miles from the city center is given by d(r) = /2
T

people per square mile.
(a) Set up, but do not evaluate, an integral that gives the total population of the city.

(3 points) Divide the circle into many concentric rings with small thickness Ar.
The area of each ring is

circumference - thickness = 2wrAr.

Since the density is a function of r, on each ring the density is
approximately uniform. Thus, we can apply the formula

/ mass = area - density

population is then approximately the sum of population of all
rings:

\ to find the population on each ring as (27nrAr)-d(r). The total

total population ~ Z 2nrd(r)Ar.

rings
Finally, when Ar tends to zero, this approximation becomes exact, and the summation becomes
an integral:
05

8 8 2
total population =/ 27r’r‘d(7")d7"=/ 2mr—e” 2 dr.
0 0 ™

The lower and upper bounds are 0 and 8 because we go from the the center (r = 0) to the edge
(r=28).

(b) Find the distance R with the property that 20,000 people live within R miles of the city center.

(Your final expression for R should not involve integral symbols.)

(5 points) From part (a), the total population withing R miles of the city center is

We wish to find an R so that this quantity is 20,000. Hence we set up the equation

B10° .2
20,0002/ 2rr—e™ 2 dr. (1)
0 ™

First solve the integral on the right hand side:

R 105 2 R 2
/ 2nr—e” 2dr =2 - 105/ re” 2 dr.
0 0

™

P

Let v = —%5. du = —rdr and the lower and upper bounds for u becomes —% = 0 and —%2.
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7. (8 points) Let R be the bounded region in the xy-plane enclosed by the curves y = 5 + 2z — 22 and
y=1—=x.
(a) Set up, but do not evaluate, an integral representing the area of R. As justification, draw a picture
with a sample slice labeled.

(5 points) To find the z-values of the two intersections, we set the y’s of the two equations
y=5+2r— 22 and y = 1 — x to be equal:

5+2r—a2l=1-2 = 443z—-22=0 = 22-32-4=0
= (z+1)(xz-4)=0 = xz=-1lord

To find the area of R, slice it into vertical rectangles
"\ with small width Axz. The area of each rectangle is

height - width =(yupper — Ylower) * AT
:((5 + 2z —2%) — (1 - :U))Aa:

The area of R is then approximately the sum of the
areas of all rectangles.

area of R ~ Z ((5+2x—x2)—(1—x)>Ax.

rectangles

As Az tends to zero, this approximation becomes
exact and and the sum becomes the integral

area of R = /_41 ((5 + 2z —x2) — (1 — :L"))dx

(b) Suppose a V is a three-dimensional solid whose base is R, and whose cross-sections perpendicular
to the z-axis are regular hexagons. Set up, but do not evaluate, an integral that gives the volume
of V. (Note: the area of a regular hexagon of side length s is %.92\/5.)

(3 points) Consider a hexagonal cross-section with a small thickness Az and side length s (side
length of the hexagon). Its volume is

3
area - thickness = 532\/§ Azx.

Since R is the base of V| s coincides with the height of rectangle from part (a). Namely,
s=(5+2z—22)— (1 —2z).

Hence the volume of V is approximately

2
volume of V' =~ Z g<(5+2$—x2) — (1—x)> V3 Az.

cross-sections

As Az tends to zero, this approximation becomes exact and the sum becomes the integral

4

2
volume ofV=/ g<(5+2x—x2)—(1—x)> V3dz.
1
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8. (12 points) Let R be the bounded region in the first quadrant of the xy-plane enclosed by the curves
y=2a% and y = 4x.

(a) Set up (but do not evaluate) two distinct integrals, each in terms of a single variable, which
represent the volume of the solid obtained by rotating R about the y-axis. Justify your answer
by drawing pictures, labeling sample slices, and citing the methods used.

(7 points) Notice first that the problem is not asking to compute any integral, so no calculation
will be shown in the solution.

" We start by drawing a picture of the region R and finding the

/C/Z 2) intersection points of the two curves (2 points). Setting 2® = 4z

‘ and recalling that we are interested in the region bounded by

i / / the two curves in the first quadrant, we found that the two
A . intersections are (0,0) and (2, 8).

/)

//
Let’s use first the washer method (2.5 points). _
We slice perpendicularly to the y-axis, so the slice WASH I‘:P\S
at height y will have outer radius R = y'/? and -0

inner radius r = 4. Hence we get

8
I:/ T (R? —r?) dy

0
8 2 2
= [ () - (3)) @

0 4
Now we use cylindrical shells (2.5 points). The r=dstoucs ?wgu,«
radius of each cylinder is the z coordinate of the | x=0 bo “i“\/w.pouﬁ‘
slice, and recall that we are interested in the area ‘ I (<90 < 3 y=ax ,
of the lateral surface of this cylinder. At the slice o = Gysvoves =y "

correspondent to x, the circumference is ¢ = 27 X=0 oo W\"@ Q)
and the height is h = 42 — 23, hence we obtain Q§ tf”é"‘ , 8o p\q%

2 2
I:/ c-hdx:/ (27z)(4z — 23) da.
0 0

L versduls =X oipan

— Rehgrr= Suskonce %ﬂ@( Hatoo

@ wufes ck o_?\&ed %, S©
4 x—x®

CULINDRIL SRES
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For easy reference, R is the bounded region in the first quadrant of the zy-plane enclosed by the curves

y =2 and y = 4x.

(b) Set up (but do not evaluate) two distinct integrals, each in terms of a single variable, which
represent the volume of the solid obtained by rotating R about the line y = —1. Justify your
answer by drawing pictures, labeling sample slices, and citing the methods used.

(5 points) This time we are rotating about the horizontal line y = —1.
. ! Let’s start by using the washer method (2.5 points).
[ (28) We slice perpendicularly to the line y = —1, so the
\jﬂ Ly slice at coordinate = will have outer radius R = (4z+1)
¥ and inner radius r = (2% + 1). Notice that each radius
is the distance from the point having coordinate x on
each curve to the line y = —1, so we have to add 1 to

1 ) each radius. Hence we get
/ 2
- _,j_(tf_i I=/07T(R2—r2)da:

= /0271' <(4x+ 1) — (2 + 1)2> dx.

WASKRERS P:awmgkx@dMA - @h§+0uGL€va =- L
o Y gousk (x, ) L e x/s S AT
Qﬁo&.\&&\pdma Syl o Sl
%(wmess

+o Ha port () o) gAtx so fixed

_ 4=

- L.

Now we use cylindrical shells (2.5 points). This time each cylinder has axis the line y = —1, so
to get the radius we must add 1 to the y coordinate of the slice. Hence at the slice correspondent
to y, the circumference is ¢ = 27(y 4 1) and the height is h = y'/3 — 4. We obtain

Izlfahdy:[f@ﬂy+n)@ﬂ?—%)@L

\/ -

—

)

W= V\e%)b\fc olustorca. betuisout

et anues ot o fAnesl y

o ¢ ' !
17 %%

ye-3

b
rz rool s = olstouce bRuees o fred ‘ 1\ |
g~ ke ouel g=-4, 0 (y+t) ry
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