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2. (8 points) One end of an 18-foot rope weighing 0.4 lb per foot is fixed atop a high cliff. The other end of
the rope hangs below the top of the cliff, and at the bottom end there is attached a bag of sand originally
weighing 100 lb. The rope and sandbag are hoisted up to the top of the cliff at a constant rate, and as the
bag rises, sand leaks out at a constant rate. The sandbag weighs exactly 10 lb when it reaches the top of
the cliff.

Note that the bag loses 5 pounds for every foot hoisted; thus, the weight of the bag after it has been hoisted x
feet upwards is Fbag(x) = 100− 5x pounds.

(a) How much work is done to hoist the rope and sandbag up the first 9 feet?

We can approach the problem in the most unified way (sandbag and rope together) by thinking of the task as
exerting a variable force (i.e., the load’s weight) along a line. Suppose x (0 ≤ x ≤ 18) is the number of feet of rope
already hoisted; then if the remaining weight of the load, F (x), is hoisted a tiny amount ∆x, this requires work
∆W ≈ F (x)∆x. Thus, in the limit ∆x→ 0, the total work for the task approaches the integral W =

∫ b
a F (x) dx

where a and b are the starting and ending values for x. (In part (a), we have 0 ≤ x ≤ 9, and for part (b),
9 ≤ x ≤ 18.)

It remains to express the weight of the load F (x) (in pounds) as a function of the amount x (in feet) already
hoisted. But F (x) = Fbag(x) + Frope(x), where Fbag(x) was found above, and where Frope(x) = (0.4)(18 − x) lb.
Thus, for part (a),

W =
∫ 9

0
(Fbag(x) + Frope(x)) dx =

∫ 9

0
(107.2− 5.4x) dx = (107.2)x− (2.7)x2

∣∣∣9
0

= (107.2)(9)− (2.7)(81) ft-lb

(This simplifies to 746.1 ft-lb.)

(b) How much work is subsequently done to hoist the rope and sandbag up the remaining 9 feet?

Based on the approach of part (a), the quick answer is

W =
∫ 18

9
(Fbag(x)+Frope(x)) dx =

∫ 18

9
(107.2−5.4x) dx = (107.2)x−(2.7)x2

∣∣∣18

9
= (107.2)(9)− (2.7)(182 − 92) ft-lb

(This simplifies to 308.7 ft-lb.) But to showcase an alternative approach, let’s compute the work to hoist the
rope portion in a different way; this can then be added to the work to hoist the sandbag, which remains Wbag =∫ 18
9 Fbag(x) dx.

Suppose we introduce a y-axis oriented vertically along the 9-foot-long hanging portion of rope, with y = 0 at the
top edge and y = 9 (feet) at the bottom end of the hanging rope.

Now break the rope into tiny segments of length ∆y feet; notice that each segment weights (0.4)∆y pounds, and
that the segment located at coordinate y (for 0 ≤ y ≤ 9) is lifted an approximately uniform distance of y feet.
Hence, the work to lift the small segment at coordinate y satisfies ∆W ≈ 0.4y∆y. It follows that in the limit
∆y → 0, the total work to hoist all the rope (without sandbag) approaches the integral Wrope =

∫ 9
0 0.4y dy.

Thus, with this approach, the total work to lift both sandbag and rope is

W = Wbag + Wrope =
∫ 18

9
(100− 5x) dx +

∫ 9

0
0.4y dy =

(
100x− (2.5)x2

)∣∣∣18

9
+ (0.2)y2

∣∣∣9
0

= (100)(9)− (2.5)(182 − 92) + (0.2)(81) ft-lb

which simplifies to 308.7 ft-lb, as before.
































