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13(a). We need to compute up to the third derivative of f :

f(x) = x1/3 f(27) = 271/3 = 3

f ′(x) =
1

3
x−2/3 f ′(27) =

1

3
· 27−2/3 =

1

3
· 1

9
=

1

27

f ′′(x) = −2

9
x−5/3 f ′′(27) = −2

9
· 27−5/3 = −2

9
· 1

35
= − 2

37

f ′′′(x) =
10

27
x−8/3 f ′′′(27) =

10

27
· 27−8/3 =

10

27
· 1

38
=

10

311

Thus, the Taylor series for f begins

f(x) ∼ f(27) +
f ′(27)

1!
· (x− 27) +

f ′′(27)

2!
· (x− 27)2 +

f ′′′(27)

3!
· (x− 27)3 + · · ·

= 3 +
1

27
(x− 27)− 2

37
· 1

2
(x− 27)2 +

10

311
· 1

6
(x− 27)3 + · · ·

(b). The second-degree Taylor polynomial is

T2(x) = 3 +
1

27
(x− 27)− 1

37
(x− 27)2,

so
3
√

28 = f(28) ≈ T2(28) = 3 +
1

27
· 1− 1

37
· 12 = 3 +

1

27
− 1

37
.

The error in this approximation is the quantity R2(28) = 3
√

28−T2(28). To find a bound on this error
by Taylor’s Inequality, we must consider the Taylor polynomial T2(x) as approximating f(x) = 3

√
x

on the interval 26 ≤ x ≤ 28, and so we compute M , the maximum value of |f ′′′(x)| = 10
27

x−8/3 on
this interval. Since 10

27
x−8/3 is decreasing on this interval, the maximum occurs at the left endpoint

x = 26, so we can take M =
10

27
· 26−8/3. Then by Taylor’s Inequality,

|R2(28)| ≤ M

3!
|28− 27|3 =

1

6
· 10

27
· 26−8/3 · 13 =

5

81
· 26−8/3,

meaning that the error in the above approximation is no more than
5

81 · 268/3
, which is quite small.

14(a). Since f (n)(x) = f(x) = ex for all n, it follows that f (n)(0) = 1 for all n, and so the Taylor series for
f can be written

f(x) ∼
∞∑

n=0

f (n)(0)

n!
(x− 0)n =

∞∑
n=0

xn

n!
.

(b). The third-degree Taylor polynomial is

T3(x) =
3∑

n=0

xn

n!
= 1 + x +

x2

2
+

x3

6
,

so

e = f(1) ≈ T3(1) = 1 + 1 +
1

2
+

1

6
=

8

3
.



The error in this approximation is written R3(1) = e − T3(1). To estimate this error by Taylor’s
Inequality, we must consider the Taylor polynomial T3(x) as approximating f(x) = ex on the interval
−1 ≤ x ≤ 1, and so we compute M , the maximum value of |f (4)(x)| = ex on this interval. Since
ex is increasing on this interval, the maximum occurs at the right endpoint x = 1, so we can take
M = e1 = e. Then by Taylor’s Inequality,

|R3(1)| ≤
M

4!
|1− 0|4 =

e

24

(that is, the error in the above approximation for e is no larger than e/24).


