AN APPROXIMATE FORM OF ARTIN’S HOLOMORPHY CONJECTURE
AND NON-VANISHING OF ARTIN L-FUNCTIONS

ROBERT J. LEMKE OLIVER, JESSE THORNER, AND ASIF ZAMAN

ABSTRACT. Let k be a number field and G be a finite group. Let gf(Q) be the family of number
fields K with absolute discriminant Dk at most @ such that K/k is normal with Galois group
isomorphic to G. If G is the symmetric group S, or any transitive group of prime degree, then
we unconditionally prove that for all K € §$(Q) with at most O.(QF) exceptions, the L-functions
associated to the faithful Artin representations of Gal(K/k) have a region of holomorphy and non-
vanishing commensurate with predictions by the Artin conjecture and the generalized Riemann
hypothesis. This result is a special case of a more general theorem. As applications, we prove that:
(1) there exist infinitely many degree n Sy-fields over Q whose class group is as large as the Artin
conjecture and GRH imply, settling a question of Duke;
(2) for a prime p, the periodic torus orbits attached to the ideal classes of almost all totally real
degree p fields F' over Q equidistribute on PGL,(Z)\PGL,(R) with respect to Haar measure;
(3) for each £ > 2, the ¢-torsion subgroups of the ideal class groups of almost all degree p fields
over k (resp. almost all degree n S,-fields over k) are as small as GRH implies; and
(4) an effective variant of the Chebotarev density theorem holds for almost all fields in such
families.

1. INTRODUCTION

Let K/k be a normal extension of number fields with Galois group G. Many natural arithmetic
properties of K are controlled by the Artin L-functions L(s, p) attached to the irreducible complex
representations p of G. The Artin conjecture asserts that L(s, p) is entire for every nontrivial p,
and the generalized Riemann hypothesis (GRH) asserts that L(s,p) # 0 for Re(s) > 3. Artin’s
conjecture is known for very few groups G, and GRH remains open. In this paper, we substantially
enlarge the region of holomorphy and non-vanishing for Artin L-functions in an average sense.

We begin with work of Aramata, Artin, and Brauer towards the Artin conjecture: the quotient
Cr(s)/Ck(s) of Dedekind zeta functions is entire, and for each Artin representation p of Gal(K/k),
the L-function L(s, p) is holomorphic and non-vanishing in any region where (x(s) # 0. In many
applications, existing zero-free regions are not strong enough to deduce the desired results. There-
fore, one might hope to average over number fields K in a family § and prove that apart from a
small collection of K € §, the ratios (x(s)/Cx(s) have a large zero-free region that can be used
to deduce a large region of holomorphy and non-vanishing for each L(s, p) associated with K/k.
We fix a finite nontrivial group G and consider the family S’kc of normal extensions K /k such that
Gal(K/k) = G. When G is abelian, each nontrivial representation is one-dimensional and can be
realized as a Hecke character whose L-function is entire, so we focus on nonabelian groups G.

Two obstacles quickly emerge. First, we do not yet know that the entire L-function (x(s)/(k(s)
factors as a product of L-functions associated to cuspidal automorphic representations defined over
k, as the strong Artin conjecture asserts. This hinders most methods of averaging over K € 3,?
The second obstacle, which we loosely term the subfield problem, arises from the work of Aramata,
Artin, and Brauer—if F' C K is a subextension of k, then a zero of (r(s) is a zero of (x(s).
Moreover, the same field F' may arise as a subfield of many different K in the family SkG For
example, this is the case for the family of S,-extensions of k, where different fields may share a
common quadratic subfield; see below. Consequently, any problematic zero of a single (p(s)
could propagate to many different (i (s), so our ability to study the zeros of the ratios (i (s)/(k(s)
as we average over K € SkG is both technically limited by one’s ability to control the frequency with
which fields K € ng intersect and structurally limited by the fact that such intersections do occur.
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Pierce, Turnage—Butterbaugh, and Wood [44] were the first to codify the subfield problem in
the context of modern arithmetic statistics by relating it to other, more understood problems.
Additionally, when k = Q, they use unconditional field counting results for certain nonabelian
groups G, including the symmetric groups Sy, for n € {3,4, 5} and the dihedral groups D, with p an
odd prime, to control the subfield problem by restricting to K € 38 satisfying certain ramification
conditions. Apart from G = S5, the strong Artin conjecture is known for each of these groups,
so the quotient (x(s)/Co(s) factors in terms of automorphic L-functions. Using a zero density
estimate for automorphic L-functions due to Kowalski and Michel [32], they then proved that for
almost all of the K € 38 satisfying certain ramification conditions, the ratio (x(s)/{g(s) and each
Artin L-function in the associated factorization enjoy a very wide zero-free region.

Avoiding unproven hypotheses on the automorphy of the factors of (x(s), Thorner and Zaman
[52] proved for any finite group G for which the subfield problem may be controlled that for al-
most all fields K € 38 , Ck(s)/Co(s) has a much larger zero-free region than was known previously,
commensurate with what GRH implies. This work also further clarified the subfield problem, dis-
tilling it into a question about so-called “intersection multiplicities” (see below). As described
earlier, the classical work of Aramata, Artin, and Brauer then shows that each irreducible Artin
L-function must be both non-vanishing and holomorphic in this region, independent of whether
it is known to be automorphic. Thus, the work in [52] avoids assumptions of automorphy, which
it does by proving a new large sieve for the family Sg , but it does not address the technical and
structural limitations presented by the subfield problem. In particular, their work avoids these
limitations when G is simple (where the subfield problem trivially disappears) but it cannot avoid
them in most other families, including the natural situation when G = S,,.

We offer a new approach to producing large regions of holomorphy and non-vanishing for Artin
L-functions associated to almost all fields in a family of Galois extensions that simultaneously ad-
dresses the subfield problem and the absence of automorphy results. The novelty lies in reducing
these obstacles to a group theoretic computation that is tractable for groups like S, but which in
full generality apparently requires the complete classification of finite simple groups. Our approach
has two independent components. The first component changes the averaging process in [52] in a
way that avoids the subfield problem (Section . This new average, however, no longer produces
a result that is amenable to the classical results of Aramata, Artin, and Brauer. The second com-
ponent, therefore, is a new result in character theory that handles this complication by expressing
the characters of certain Artin representations in terms of inductions of one-dimensional characters
with restricted components, which neither Artin nor Brauer induction can address (Section .
We view these two components together as an approximate form of Artin’s conjecture that also
provides a strong zero-free region for almost all K € ng for any number field k.

Before we describe our method, we give a representative example of what our approach can prove
for faithful Artin representations associated to the fields K € S,?, where G is the symmetric group
Sy, or a transitive group of prime degree. There is little to no progress towards the Artin conjecture
when the degree of G is at least 5 or towards basic counting problems in arithmetic statistics when
the degree of G is at least 6. Despite these setbacks, we prove:

Theorem 1.1. Let k be a number field. Let G be the symmetric group S, for some n > 2 or a
transitive subgroup of S, for some prime p. Let Q > 1. For all € > 0, there exists an effectively
computable constant ¢ = c1(|G|,[k : Q],e) > 0 such that for all except O|q| k:q),-(Q°) normal
extensions K/k with Gal(K/k) ~ G and absolute discriminant Dy at most Q, each irreducible
faithful Artin representation p of Gal(K/k) satisfies

) Z tr p(Froby) | <|g|,[x:q),c T exp(—c1/1og )

Ny /op<z

for all z > (log DK)81|G|/a. The sum is over prime ideals of k with absolute norm at most x.
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Remark. Under GRH, the exponent 81|G|/e may be replaced by 2 + ¢ for all K.
Remark. The constant ¢ is the same as in Lemma [7.4] below.

Remark. We use the notation f <, g and f = O,(g) to denote the existence of an effectively
computable constant ¢, > 0, depending at most on v, such that |f| < ¢,|g| in the range indicated.
We use the notation f =<, g to indicate that f <, g and g <, f.

2. APPLICATIONS

Theorem and the ideas leading to it produce several desirable arithmetic results. We will
now sample a few of them. In Section [3, we will discuss the ideas leading to Theorem

2.1. The extremal order of class numbers. Let IC,, be the family of totally real number fields
F with [F : Q] = n whose normal closure over Q has the full symmetric group S,, as its Galois
group. Using lower bounds on the regulator of F' due to Remak [45], Duke [17] proved under GRH
and the Artin conjecture that if F' € KC,,, then

D}/2 (loglog D)™t

(log D F)nfl ’
where D is the absolute discriminant of F'. Furthermore, still under the assumption of GRH and
the Artin conjecture, Duke showed that this upper bound is sharp, in that

D};ﬂ (loglog D)™t

(log Dp)»—1
The conclusion ({2.1]) is proved without recourse to unproven hypotheses when n € {2, 3,4} [10] 12
40]. Cho [10] proved that (2.1)) holds when n > 5 using only the strong Artin conjecture, removing
the reliance of Duke’s argument on GRH. We use Theorem to prove the following unconditional

result that removes the hypotheses of Artin’s conjecture and GRH as well as the requirement that
F be totally real.

|CL(F)| <,

(2.1) there exist F' € K, with Dp arbitrarily large and |C1(F)| <,

Theorem 2.1. For any fized integers ri,1o > 0 with n := r1 + 2ry > 2, there are number fields
F of signature (r1,72) with arbitrarily large discriminant Dp whose normal closure has the full
symmetric group Sy as its Galois group, for which

D3/*(loglog Dpp)r1+2r2-1

(22) |CI(F) x?"1,7"2 (]og DF)T1+T2_1

Remark. Fix 0 < 7 < 1/(n? —n). Our proof shows that there exists a constant cy = ca(n,7) > 0
such that if ) > co, then there are at least )7 number fields F' that satisfy the conclusion of
Theorem 2.1l See Theorem [10.5

2.2. Distribution of periodic torus orbits and subconvexity. Let F'/Q be a totally real field
of degree n with ring of integers Or. Then F' may be naturally embedded into R™ by the product
of its real embeddings, and in this embedding, the integers O form a full rank lattice. More
generally, a subset A C F'is a lattice if it is a free Z-submodule of rank n. The F-equivalence class
of A, or the F-homothety class, is the set of lattices A’ C F for which A’ = aA for some o € F*.
If welet O = Op :={a € F: aA C A}, then O is an order in Op, and two equivalent lattices
have the same associated order . Moreover, there is a representative of the class of A that is an
ideal a in O, and the set of such ideal representatives constitute the ideal class of a in O. Thus,
equivalence classes of lattices in F' are naturally identified with ideal classes in orders O C Op.
The space of lattices in R™ is naturally identified with GL,,(Z)\GL,,(R). By considering its action
via multiplication, F’* embeds into the maximal split torus H,, C GL,(R) consisting of diagonal
matrices. Thus, F-equivalent lattices give rise to elements of the manifold PGL,(Z)\PGL,(R)
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equivalent under the action of H,. By the above discussion, we may think of an ideal class in
an order @ C Op as parametrizing a full H,-orbit in PGL,(Z)\PGL,(R). In a pair of papers
[21} 22], Einsiedler, Lindenstrauss, Michel, and Venkatesh showed that every closed H,-orbit on
PGL,,(Z)\PGL,(R) arises as a periodic torus orbit in this manner. When n is prime, they connected
the equidistribution of these torus orbits as the discriminant disc(Q) — oo to the problem of proving
a discriminant-aspect subconvexity bound for (z(s) of the form

. 19
(2.3) Cr(5 +it)| e D (1+ [t)7,

where 6 € (0, %) and A > 0 are constants that depend at most on [F' : Q]. In the case n = 2,
this leads to a reinterpretation of Duke’s theorem [I5] on equidistribution of geodesics on the
modular curve associated to real quadratic fields. When n = 3, there was enough progress toward
subconvexity that Einsieder, Lindenstrauss, Michel, and Venkatesh could prove that the analogous
equidistribution result holds on PGL3(Z)\PGL3(R).

Despite tremendous progress on proving subconvexity bounds for various families of automorphic
L-functions, the bound is only known when F' is a normal extension over a fixed base field
k with either an abelian or generalized dihedral Galois group, as well as the case when F' is an
arbitrary cubic extension of a fixed field k. In these cases, the Dedekind zeta function factors as a
product of standard L-functions associated to cuspidal automorphic representations of GLj(Ay) or
GL2(Ay), and the bound follows from work of Michel and Venkatesh [37] (see also [6, 8, [18]).

We produce many new number fields F' that are extensions of k satisfying even if we do
not yet know whether (z(s) factors into a product of L-functions that are automorphic over k. To
state our result, we introduce some notation. Let k£ be a number field, p be a prime, n > 2 be an

integer, and ) > 1. We define the families
(2.4) FP={F:[F: k| =p}, FLQ)={FeZ.: Dp <Q}
' T = {F: [F: k] =n, Gal(F/k) = S,}, Z"(Q):={Fe.Z""": Dr<Q},

where F is the Galois closure of F over k. The ideas leading to Theorem (see Section
enable us to prove the following unconditional result.

Theorem 2.2. Lett € R, Q > 1, and k be a number field. Let p be prime and n > 2.
(1) Let e > 0. For all except Oy 1.q),c(Q°) of the fields F € Fr(Q), we have

31— grge) .
’CF(% + 'Lt)| <<P,[k@} D’?(€)D; 1010(pn2 (1 + ’t’)O(p[kQD

(2) Let e > 0. For all except Oy, 1.q),-(Q) of the fields F' € ﬁg’S" (Q), we have

1o
|<F(% +it)| L, [k:Q] D]?(E)D;( 1010(n!>2)(1 i |t|)O(n[k:@])_

Remark. Ellenberg and Venkatesh |24, Theorem 1.1] proved that there exist effectively computable
constants ¢z = c3(n, k) > 0 and ¢4 = c4(p, k) > 0 such that if @ > 1, then

1 1
(2.5) 1 7,°(Q)] > e3Q7, .72 (Q)] > csQ>.
This ensures that Theorem [2.2] is not vacuous.

Taking £ = Q in part 1 of Theorem we deduce our next result.

Theorem 2.3. Let p > 5 be prime and let ﬁ(g’Jr - 96 be the set of totally real degree p extensions
of Q. For any € > 0, there exists a set & C ﬂé’Jr such that

(1) {F: Fed&? ﬂffé’ﬂ@)ﬂ Lpe QF for allQ > 1, and
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(2) if (0;)52, is a sequence of orders in {O: there exists I € — &2 such that O C Op}
with limj_,o disc(O;) = oo, then as j — oo, the union of Hp-orbits associated to the
ideal classes of O; described above becomes equidistributed with respect to Haar measure on
PGL,(Z)\PGL,(R).

In particular, if (Fj);";l is a sequence of fields in 9’6* — &2 ordered by discriminant, then the

measures fi; on PGLy(Z)\PGLy(R) associated to the Hy-orbits of the ideal classes of OF, converge

to Haar measure on PGL,(Z)\PGL,(R) in the weak-* limit as j — oo.

yp}"’_

Remark. It follows from minor modifications to the work of Ellenberg and Venkatesh [24] that for all

primes p, there exists a constant c¢5 = ¢5(p) > 0 such that for all @ > 1, we have |ﬁ6’+(Q)| > C5Q%.
Consequently, this result is not vacuous.

2.3. (-torsion in class groups. Let F'/k be an extension of number fields, and let C1(F') denote
the class group of F. For any integer ¢ > 2 and any € > 0, it is expected that the ¢-torsion
subgroup CI(F)[/] satisfies |C1(F)[{]| < r.q e D% [16]. This is known only for prime ¢ when the
normal closure of F' has a Galois group that is an ¢-group [3I]. The trivial bound |Cl(F)[{]| <
|CI(F)| <[r.q)e 1/ ¢ follows from Minkowski’s bound. Ellenberg and Venkatesh [25, Proposition
3.1] bhowed that GRH implies for all € > 0 the improvement

1 1
S5 FE=D T
|CUF) ]| <(F:) e, D2 AT 3

The fields F' for which there unconditionally exists a constant 6 > 0 (depending at most on ¢

and [F : k]) such that [CI(F)[{]] <[p.q)ee Dy ~° are scarce [4, 25], 29] 43, 54, 55]. The key to

the ¢-torsion bounds in [25] [54] 55] is a lemma of Ellenberg and Venkatesh [25] Lemma 2.3] that
1/26([F:k]=1)

(2.6)

exploits non-inert primes of norm at most D

The works of An [I]; Ellenberg, Pierce, and Wood [23] Pierce, Turnage-Butterbaugh, and Wood
[44]; and Thorner and Zaman [52] consider the problem of proving that holds for k = Q and
all number fields F' with Dp < @ in certain families, provided that an exceptional set of relative
density zero is omitted. Each of these results uses the work of Ellenberg and Venkatesh [25, Lemma
2.3] to reduce the problem to the study of small primes that split completely in the fields under
consideration. Table 1 below summarizes the current progress that makes no recourse to unproven
hypotheses (with n > 2 denoting an integer and p denoting a prime).

TABLE 1. On-average (-torsion results for extensions of Q from [II, 23], 44} [52]

Source | Galois structure Restrictions Family size | Exceptional set size
[44) degree n Z/nZ-fields on tamely ramified primes | ~ ¢, Q71 | Q¢

) degree 4 Dy-fields none ~ bsQ Q:te

[44) degree p D,-fields, p > 3 | on tamely ramified primes | >, Q% Qﬁ"'s

[23] degree 3 Ss-fields none ~ c3Q Ql-acte

[44] degree 3 Ss-fields squarefree discriminants ~ dsQ Qste

[23] degree 4 Sy-fields £>8 ~ Q) Ql-wrte

[44] degree 4 Sy-fields squarefree discriminants ~ dsQ Q%"’ €

[23] degree 5 Ss-fields ¢>25 ~ c5Q Ql-site

[52] degree n A,-fields, n > 5 | none >, Q30 Q°

Using Theorem in concert with [25, Lemma 2.3] we obtain the following result.

Theorem 2.4. Let ¢ > 2 be an integer, k be a number field, and Q > 1. Let p be prime, n > 2 be

an integer, and the families Z;(Q) and 9’,?’3”(@) be as in (2.4)).
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1) Let e >0 and n > 0. For all except O, ,.01(Q°) fields F € .FP(Q), there holds
p,[k:Q], k

3~ A=
|CUF) )| <pkpen Dp ' :

2) Lete >0 and n > 0. For all except O,, 1..01.(Q°) fields F € Fn Q), there holds
[+:Q, k

1

3~ mEA=D
[CUE)| <nhten Dp :

Remark. Unlike the work in [T}, 23, 144} [52], Theorem crucially relies on the fact that the lemma
of Ellenberg and Venkatesh exploits non-inert primes, not just primes that split completely.

Remark. The lower bounds in (2.5)) ensure that Theorem is not vacuous.

Theorem is new for degree p fields over a base field k # Q, and it is new when k£ = Q and
p > 7. When p = 3 or 5, Theorem greatly reduces the sizes of the exceptional sets in [23] 44].
Theorem is new for degree n S,-fields over any given base field k # Q when n > 4 (see An [2]
for n = 3), and it is new when k = Q for n > 6. When n < 5, Theorem [2.4] greatly reduces the
sizes of the exceptional sets in [23] [44].

We also prove a mutual refinement of Theorem and Theorem wherein we produce an
infinitude of number fields F' with a given signature (r1,r2) whose Galois closure over Q has Galois
group S, and whose class group satisfies both for any fixed integer £ > 2 and . This gives
the first examples of number fields of high degree whose class groups have a nontrivial upper bound
on the ¢-torsion subgroup that provably does not hold for the full class group. See Theorem [10.5
below. Additionally, when we choose 12 = 0 so that such F' are totally real, we can show that
each of the aforementioned fields have a point of exact order £y in their class group, where o > 2
is an arbitrary fixed integer. When ¢ = ¢y, this gives the first examples of number fields of high
degree with a nontrivial upper bound on the ¢-torsion subgroup when the ¢-torsion subgroup itself
is nontrivial. See Theorem [10.6] below.

2.4. An effective Chebotarev density theorem for fibers. Let x > 1. For a normal extension
K/k, let C C G ~ Gal(K/k) be a conjugacy class, and define

me(z; K/k) == #{p C O prime: Ny op < x,Froby, € C},
where Oy denotes the ring of integers of k. The Chebotarev density theorem asserts that
C
(2.7) me(z; K/k) ~ ’|G‘|7rk(:c) as ¥ — 00,

where 7 (z) is the prime ideal counting function of k. When (x(s) has no Landau-Siegel zero,
Thorner and Zaman [53 Corollary 1.2] proved a stronger result, namely

' c| log
e (w; K/k) ~ @”k(x) ™ log([K : QEUDy)

A similar result holds when a Landau—Siegel zero exists. This improves previous work of Lagarias

and Odlyzko [33] and V. K. Murty [42].
Let n > 5 be an integer, let G be the full symmetric group S,, and define

§o(Q) = {K: K/k is normal, Gal(K/k) = S,, Dg < Q}.

Using Theorem we obtain an effective variant of the Chebtarev density theorem that holds in a
much wider range for almost all K € §."(Q). However, since Theorem imposes the restriction
that the representations p be faithful, we do not obtain an equidistribution result in the sense of
. Instead, we show that as p varies, the conjugacy class of Froby is equidistributed in each
fiber of the projection S,, — S, /A,.

— 00.
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Theorem 2.5. Let n > 5 be an integer and k be a number field. Let C C S, be a conjugacy
class. Given K € §,"(Q), let k(v/Ak)/k be the unique quadratic extension contained in K /k. Let
Q > 1. For all e > 0, there exists a constant c1 = ¢1(|Sn|, [k : Q],&) > 0 such that for all except
O k:0),e(Q°) fields K € §;"(Q), one has that for any x > (log Dy )81"/e | there holds

2 C
| | Tsgn(C )(x k( \% AK)/k> + On,[k:@],s(x exp(_cl V log l‘))
We highlight two immediate corollaries of Theorem First, the Chebotarev density theorem
implies that mgn ) (@5 k(VAK)/k) ~ +mk(2), so Theorem is consistent with (2.7). Indeed, by
fixing the quadratic subfield k(y/Ak), we find the following.

Corollary 2.6. Let n > 5 be an integer, k be a number field, and A € k be a non-square element.
Lete >0 and Q > 1. For all except Oy, 1..q),.(Q°) of the fields K € §,"(Q) whose quadratic subfield

is k(V/A), there holds for any = > (log Dy )31"/¢,

C|. .
me(as K /K) = IILi(@) + 0,8 e exp(—e1 g ).

Remark. For all non-square A € k and all integers n > 5, it follows from [34, Theorem 1.3] that
there exist effectively computable constants cg = cg(n, k, A) > 0 and ¢; = ¢7(n) > 0 such that the
number of K € 35" (Q) that contain the quadratic subfield k(A)/k is at least cg@Q°7. This ensures
that Corollary is not vacuous.

me(z; K/k) =

In the full family §,"(Q), where the quadratic resolvent is not assumed fixed, Theorem does
not directly permit access to primes whose Frobenius element lies in a single conjugacy class C.
However, in many applications of effective Chebotarev density theorems (e.g., to bounding ¢-torsion
subgroups of the class group), it is desirable to produce primes whose Frobenius element lies in one
of several conjugacy classes. Theorem provides access to such primes, provided that not all of
the desired classes have the same sign. As a particularly simple instance of this, we have:

Corollary 2.7. Let n > 5 be an integer and k be a number field. Let C,C' C S, be conjugacy
classes of opposite parity. Let Q > 1 and € > 0. For all except O, 1.q], (Qs) fields K € §"(Q),

one has that for any = > (log D )8'"/¢, there holds

n nl
mﬂc(m;K/k) |C,|7fc'(33 s K/k) = 2mp(x) 4+ Oy g (x exp(—c1v/log z)).

Finally, we note that while we have stated Theorem for the family of S, extensions, an
analogous result will hold for the family of fields K whose Galois group G is a given transitive
group of prime degree. Such groups have a unique minimal normal subgroup N, and the role of the
quadratic subfield k(y/Ak) will instead be played by the subfield of K fixed by N. An analogue
of Corollary [2.7] will hold for any set of conjugacy classes that surjects onto the set of conjugacy
classes of the quotient G/N.

ORGANIZATION

In Section state and give context for our main technical results (Theorems and
and Corollary 3.8) after summarizing the work in [44] 52].

In Section 4] we recall the definition and basic properties of Artin L-functions.

In Section we prove Theorem which ensures that a zero-free region for the quotient
Cr(8)/Cen (s) “transfers” to Artin L-functions not coming from K.

Section [6] and [7] contain the main analytic results of this paper, including the proofs of Theo-
rems [3.1] and

In Section |8 we discuss how our results apply to the family of degree p extensions, regardless of
Galois structure.
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In Section [9, we prove the fibered Chebotarev density theorem in Theorem [3.10

In Section we prove the applications to class groups in Theorems and

In Section we prove the applications to subconvexity and the equidistribution of periodic
torus orbits in Theorems 2.2 and 2.3l

In Section we give heuristics for a key quantity called the intersection multiplicity introduced
below and use this discussion to contrast our results with those of [44] and [52].
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3. MAIN RESULTS: HOLOMORPHY AND NON-VANISHING OF ARTIN L-FUNCTIONS

We now describe the ideas leading to Theorem As above, let k be a number field and let
G be a finite group. We let SkG denote the family of number fields K inside a fixed choice of the
algebraic closure k that are normal extensions of k with Galois group Gal(K/k) isomorphic to G.
For any Q > 1, let

57(Q) = {K e§: Dx < Q},

where Dy denotes the absolute discriminant of K over Q.

3.1. Summary of preceding work. It is instructive to briefly review the ideas in [44], 52]. Let
k = Q. The approach of Pierce, Turnage-Butterbaugh, and Wood in [44] relied on the zero density
estimate for L-functions of families of cuspidal automorphic representations proved by Kowalski
and Michel [32]. Assuming the strong Artin conjecture, the L-function (x(s)/(o(s) associated to
each K € {S’g is the L-function associated to an isobaric mon-cuspidal automorphic representation
IIx defined over Q. Note that if Ky, Ky € Sg(@) are distinct, then Ilx, and I, might have some
cuspidal constituents in common (as would happen if K; and K» share a common subfield), in
which case there exists a cuspidal automorphic representation 7y such that L(s, g, )/L(s, ™) and
L(s,Ik,)/L(s,m) are entire. If one studies the zeros of the L-functions L(s,IIx) with K € Sg(@)
and many of the L(s, IIx) share a particular common factor L(s,m), then the zeros of L(s,m) are
counted with high multiplicity. If this multiplicity is too high, then the zero density estimate is
rendered trivial.

Let Zs denote a particular condition on the primes that tamely ramify in a normal extension
K/Q with Gal(K/Q) = G, and let SS(Q,%@ be the subset of SS(Q) whose fields satisfy Zq. For
certain groups (G, Pierce, Turnage-Butterbaugh, and Wood find conditions #Z¢ that enable them to
relate the distribution of fields K7, Ky € 38 (Q,Z¢c) such that I, and Ik, share some cuspidal
constituents to the arithmetic-statistical problem of counting number fields K € &g (Q,Z¢q) that
share a given discriminant. In the situations where their approach works (see Section 6.3 and

Theorems 3.1 and 3.3 in [44]), they prove that if one assumes the strong Artin conjecture for G,
then for all € > 0 and all K € Sg(@,%’g) with at most

Oj61(Q° pax 1K € §G(Q. #q): Di = D})

exceptions, the ratio (x(s)/Co(s) (and all of the Artin L-functions in its factorization, which are
assumed to be automorphic, hence entire) is nonvanishing in the region

Re(s)>1—¢,  [Im(s)| < (log Dg)%°.
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A “discriminant multiplicity conjecture” of Duke [16] implies that
(3.1) max|{K € §G(Q.%c): D = DY| <q.e Q"

Since the strong Artin conjecture is assumed in [44], this would imply that for all except O)g).(Q°)
of the K € Sg(@,ﬁ’g), the L-functions of the Artin representations attached to Gal(K/Q) have a
strong zero-free region for the low-lying zeros, provided that there exists a constant 7 = 7(G) > 0
such that |38(Q, )| >|q) Q. Much of the work in [44] centers around making progress towards

for groups G for which the strong Artin conjecture holds and for which ]Sg(@, xc)| >q Q7
with 7 suitably large, including cyclic groups, dihedral groups of order 2p for odd primes p, Ss, and
Sy.

Note, however, that if the ramification restriction #Z¢ is non-empty then the results of Pierce,
Turnage-Butterbaugh, and Wood do not quantify the number of exceptional fields in the full family
Sg (Q), even assuming the full force of Duke’s discriminant multiplicity conjecture and the
strong Artin conjecture. See Section [12] for a discussion of the limitations.

Let pk be the Artin representation of Gal(K/Q) such that L(s, px) = (x(s)/{o(s). The approach
of Thorner and Zaman [52] removes the need to assume the strong Artin conjecture by proving the
first unconditional large sieve for the Artin representations px as K € Sg(@) varies. They used
character theory for the tensor products px, ® pr, and Galois theory in lieu of automorphy. In
the process, they simplified the arithmetic-statistical problem that one must solve to address the
subfield problem. Defining the “intersection multiplicity”

(3.2) m¢(Q) = max [{K2eFT(Q): KiNKy#k}Y,
KngkG(Q)

they unconditionally proved that for all K € SS(Q) with at most OG75(m8 (Q)QF) exceptions, the
ratio (x(s)/Co(s) is nonvanishing in a region containing the box

£

1000

This result is nontrivial if there exists a constant é > 0 such that
m§(Q) <5 Q°IFF(Q)].

Since two normal extensions meet in a normal extension, if G is simple, then mg(Q) = 1. Otherwise,

the best bounds on mg (Q) follow from progress toward and typically also require restrictions
Zq on ramification. Therefore, the need for the strong Artin conjecture is removed, but the
subfield problem still remains unaddressed apart from a handful of special cases. If a suitable
bound for mg (@) is known, then for all K € Sg (@) with few exceptions, the large zero-free region
of Ck (s)/Co(s) will translate to a large region of holomorphy and non-vanishing for all of L-functions
associated to the nontrivial Artin representations of Gal(K/Q). This last step crucially uses Artin
induction to express L(s, p) in terms of L-functions of one-dimensional representations of cyclic
subgroups of G, each of which inherits the zero-free region of (i (s)/(o(s).

For an arbitrary group G, and in particular those for which Malle’s conjecture is not known, it
seems quite difficult to prove that there exists a constant § = §(|G|, k) > 0 such that m{ (Q) <g|
Q*513§(Q)|, regardless of whether £ = Q. (Recall that Malle’s conjecture predicts an asymptotic
formula for the growth of [§¢(Q)| as @ — oo, and this is known only in few cases.) This is the
technical limitation that we discussed in Section [l

If G is simple, then this issue disappears as mkc(Q) =1, but if G is not simple, then one should
expect mf(Q) >a.r Q° for some constant ¢ depending on G (see Conjecture below). This is

the strucutral limitation discussed in Section (I} For example, for the family §."(Q), it follows from
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[34, Theorem 1.3] that

(3‘3) mk (Q) >k Q(s 5277.)77%.

In fact, it follows from Conjecture [12.1] below that we should expect that for all ¢ > 0, we have
m,C (Q) >tne Q7°IF"(Q)|. Thus, the desired bound m{(Q) <g e Q@°IFF(Q)| is not expected
to hold when G = §,,, nor is it expected to hold in many other natural situations.

3.2. Changing the average. As we mentioned earlier, our new approach that circumvents the
technical and structural limitations of the approach in [62] has two independent components. To
describe them, let N < G be a nontrivial normal subgroup and, for any K € Sg, let KV denote
the subfield of K fixed by N under the given isomorphism Gal(K/k) ~ G. Note that N = G is
permissible, in which case KV = k. In our current setting, we no longer require our base field k to
equal Q.

The first component of our new method is to study the L-function (x(s)/(x~(s) as K € F¢(Q)
varies instead of the L-functions (x (s)/Cx(s). The quotient (x (s)/(xn (s) is entire by the Aramata—
Brauer theorem. With suitable modifications to the ideas in [52], the work of Brauer in [7] and
Galois theory will once again alleviate the need for unproven analytic hypotheses such as the Artin
conjecture. The crux of our new average is that we trade the intersection multiplicity mg(Q) in
that arises in [52] for a new multiplicity, namely

(3.4) mON(Q) = max |[{Ky € FT(Q): KinKs#KNNKYY.
K1€3¢(Q)

The first component of our new approach is summarized in the following theorem.

Theorem 3.1. Let Q > 1. Let G be a finite group, N < G be a nontrivial normal subgroup, and k
be a number field. Let mG N(Q) be as in (3.4). There exists an absolute and effectively computable

constant cg > 0 such that for alle > 0 and all number fields K € §¢(Q) with O\a|, Qe ( N(Q)Qo)
exceptions, the quotient (i (s)/Crn (S) is non-vanishing in the region Qk (g) defined by
€ log D

if |1 < DE/(GCc[k QD
101G log D + [k : Qlog(3 () © "1 = Pl )

(35) 1—Re(s) <
c8

log D + |G|[k : Q]log(3 + [Im(s)])
The constant Cg, which depends at most on |G|, is the same as in Theorem below.

if [Tm(s)| > exp(D/CCclk)y,

Remark. It follows from work of Lagarias and Odlyzko [33] Section 8] that (x(s)/(xn (s) does not
vanish in the region

&
(3.6) L Rels) < fog D + 11 - Q] Tog (3 + [tm(s)])

apart from at most one exceptional zero of (x (s), which (if it exists) is necessarily real and simple.
By comparison, the zero-free region Qxk (g) defined by (3.5]) contains the box

_° < <1 I < Do/l

when Dy is sufficiently large with respect to € and |G|. Thus, the zero-free region Q2 () constitutes
a substantial improvement over (3.6[), and it applies for the vast majority of K € Skc(@) when we
can prove that mkG’N(Q) is small.

Note that mg’G(Q) = mf(Q). Therefore, our new results subsume all of the work in [52].
The novelty of Theorem is that when N # G, the quantity mkG’N(Q) can often be controlled
independently of one’s ability to estimate the size of the family Sg(@) Notably, if G has a unique
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minimal nontrivial normal subgroup N, then m,?’N(Q) =1 for all Q@ > 1. This is the case for many
groups of interest, including:

e all transitive permutation groups of prime degree, including the dihedral groups Dy;
e the affine linear group AGL,4(IF,,) for any integer d > 1 and any prime p;

e the full symmetric group S, for any n > 2; and

e the non-simple alternating group Aj.

In fact, generalizing these examples, any primitive permutation group has at most 2 minimal
normal subgroups [14, Theorem 4.3B]. The determination of which of these has a unique minimal
normal is a consequence of the O’Nan—Scott theorem [14, Theorem 4.1A]. As a consequence of
this, for example, if n is not equal to |T'|¥ for some nonabelian simple group 7' and integer k > 1,
then every primitive group of degree n has a unique minimal normal subgroup. Many imprimitive
groups have unique minimal normal subgroups as well, corresponding to subgroups stabilizing the
nontrivial blocks, but these are not our main focus.

3.3. Character theory with restricted components. Let K € §$. Suppose that (x(s)/Cxn (s)
is non-vanishing in some region 2 C C, e.g., the region Qx(e) in Theorem In light of the
factorization

CK(S) dim
(3.7) = L(s, p)™™?,
Crn(s) 0611;{0)
ker p2N

it is reasonable to hope that the zero-free region ) extends to each of the irreducible Artin L-
functions L(s, p) whose associated representation has kernel not containing N. However, since it is
not known that the L-functions L(s, p) appearing in this factorization are holomorphic, this does
not immediately follow, nor does it follow in general from any existing result on Artin L-functions.
The second component of our approach, therefore, is a new conjecture in the character theory of
finite groups that would accommodate such a transfer of zero-free regions. We prove this conjecture
in many cases of interest (including for the symmetric group and groups of prime degree), and we
provide a reduction that suggests a general attack based on the classification of finite simple groups.

To describe this conjecture, we begin by recalling classical work of Artin. In particular, for each
representation p of a finite group G, none of whose irreducible consituents is trivial, Artin showed
that there are rational constants c,, such that

(3.8) trp = Z Z Cp,xInnga
H xelrr(H):
dim x=1
where the summation over H runs over the cyclic subgroups of G. This leads to a corresponding
factorization of the Artin L-function in terms of Hecke L-functions,

(3.9) Lis,p) =] T EL(s:0,
H xelrr(H):
dim x=1
from which Artin deduced that some integral power of L(s, p) possesses meromorphic continuation
to all of C. This work was later extended by Brauer to show that each L(s,p) itself is mero-
morphic by using a different class of subgroups (namely, so called “elementary” subgroups) but
the decomposition of L(s, p) into Hecke L-functions, or equivalently of trp into the induction of
1-dimensional characters, remains essentially the only general way of inferring analytic properties
of Artin L-functions outside the region of absolute convergence.
To infer consequences toward non-vanishing, we note that in the factorization of the quotient
Ck(5)/Ck(s) in (3.9), every L(s, x) associated to a cyclic subgroup can be taken to appear with a
positive exponent. It follows that if (x(s)/(x(s) is non-vanishing in a region €2, then every L(s, x)
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is non-vanishing in  as well. Consequently, every L(s, p) is both holomorphic and non-vanishing
in © by means of the factorization . For our purposes, however, we wish to assume only that
Cr(8)/Cgn (s) is non-vanishing in some region, and infer the holomorphy and non-vanishing of every
irreducible Artin L-function L(s, p) whose kernel does not contain N. From (3.9)), this only follows
for those irreducible representations that are induced from N, which is typically a small subset of
the irreducible representations at hand.

We propose the following hypothesis on the finite group G and normal subgroup N < @G.

Hypothesis T(G,N). If p is an irreducible representation of G such that N € ker p, then for each
subgroup H C G and each one-dimensional character x of H for which H NN € ker x, there exists

cox € Q such that
trp= Z Z cmxlndgx.

HCG xelrr(H)
dim x=1
HNNZker x

Conjecture 3.2. For all finite groups G and normal subgroups N <G, Hypothesis|T(G, N )| holds.

Two remarks are in order. First, Conjecture lies much deeper than , the proof of which
is almost immediate from a modern perspective. In particular, Conjecture [3.2] is not amenable
to standard techniques exploiting the adjointness of the induction and restriction maps. For this
reason, it appears to be much more group theoretic in nature than . Additionally, the analogue
of Conjecture does not hold if the subgroups H are required to be cyclic or even abelian. For
this reason, a wider set of subgroups is required, analogous to how Brauer enlarged the set of
subgroups to obtain a version of with integral coefficients. We note that most, or perhaps all,
proofs of Brauer induction rely on the module structure of the character ring of G and proceed by
finding a representation of the trivial character in terms of inductions of characters from elementary
subgroups. However, such an approach cannot work for Conjecture [3.2}—there is less inherent
module structure at play and the trivial character is not in the subspace under consideration.

Second, the 1-dimensional characters appearing in Conjecture [3.2] namely those y such that
ker x 2 HN N, are precisely those whose induction to G may be decomposed solely in terms of the
characters of irreducible representations p of G whose kernel does not contain N. Thus, this is the
largest set of 1-dimensional characters to which a zero-free region of (i (s)/(xn (s) might plausibly
transfer. Indeed, we show in Lemma that such a transfer always occurs; thus, the importance
of Conjecture is made clear by the following result.

Theorem 3.3. Let G be a finite group, N < G be a nontrivial normal subgroup for which Hypothesis
holds, and k be a number field. For any K € 3,?, if Cx(8)/Cpen(8) is mon-zero in a region
Q C C, then for each irreducible Artin representation p of Gal(K/k) whose kernel does not contain
N, the Artin L-function L(s, p) is holomorphic and non-vanishing on Q.

Remark. 1t is worthwhile to compare Theoremwith a well known theorem of Stark [51, Theorem
3]. Let K/k be a normal extension of number fields. Stark shows that if (x(s) has a simple zero,
then this zero must be inherited from the Dedekind zeta function of a cyclic extension of k£, and that
it is not a zero or pole of any Artin L-function that does not factor through this cyclic extension. (If
this simple zero is also real, then the cyclic extension must in fact be at most a quadratic extension.
This is how Stark’s theorem is most commonly invoked.) Since cyclic extensions of k contained in
K correspond to normal subgroups N for which G/N is cyclic, Stark’s theorem may be interpreted
as showing that simple zeros of (i (s) are constrained to arise from zeros of Dedekind zeta functions
Cgen (s) for cyclic extensions K%V /k, and that these zeros do not propagate to Artin L-functions
attached to representations whose kernel does not contain N. By contrast, a simple consequence
of Theorem is that if sp is a zero of (x(s) of any order that is “explained” by (-~ (s) in the
sense that (i (s)/Cxn(s) is analytic and non-vanishing at s, then this zero does not propagate, i.e.
every Artin L-function that does not factor through KV must be analytic and non-vanishing at so.
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We now record our progress toward Conjecture [3.2

Theorem 3.4. Let G be a finite group and let N < G be a nontrivial normal subgroup. Then
Hypothesis [L(G, N)| holds if the index [G : N| is a prime power or if N is solvable (and thus also
if G is solvable). Additionally, it holds if the order of G is at most 2000 or if G is a transitive

permutation group of degree at most 31.

Proof. When N is solvable or the index [G : N] is a prime power, this follows from Theorem
below. The remaining claims follow from a computation in Magma. t

The following corollary to Theorem is crucial for the applications in Section

Corollary 3.5. Let n > 2 be an integer and p be prime. Then Hypothesis|T (G, N)| holds when G
s the symmetric group S, or a transitive group of degree p, and N is any normal subgroup of G.

Proof. If n # 4, the only nontrivial normal subgroups of S,, are S,, itself and the alternating group
A,,. Both of these have prime power index. If n = 4, there is also the Klein four subgroup, which is
abelian (hence solvable). If p is prime, then the transitive groups of degree p have been classified; see
Lemma below. It follows from this classification that either G is solvable or the unique minimal
normal subgroup of G has prime power index, in which case every nontrivial normal subgroup will
also have prime power index. O

Finally, we have succeeded in reducing the general conjecture, Conjecture [3.2] to the case that
N is a minimal normal subgroup and G C Aut(N). Exploiting the characterization of minimal
normal subgroups, along with the techniques used in Theorem 3.4} gives the following.

Theorem 3.6. Let T' be a nonabelian simple group and let p be a prime. If Hypothesis |T(G, N)|
holds for all groups G C Aut(T)1C, containing N = TP for which the quotient G/N is cyclic, then
it holds for all finite groups.

3.4. Holomorphy and non-vanishing. Our main result follows from the combination of Theo-
rems and In what follows, we define x,(p) := tr p(Froby).

Theorem 3.7. Let G be a finite group, and let N < G be a nontrivial normal subgroup such that
Hypothesis m holds. Let Q > 1, let k be a number field, and recall mkG’N(Q) is defined by
(3.4). For all e > 0, there exists an effectively computable constant ¢; = ¢1(|G|, [k : Q&) > 0
such that for all K € 3,?(@) apart from at most O|G‘,[k:Q]7€(mkG’N(Q)Q6) exceptions, the following
properties hold for the Artin representations p of Gal(K/k) whose kernel does not contain N :

(1) L(s,p) is holomorphic and non-vanishing in the region Qi (g) defined by (3.5), and
(2) if 2 > (log D )3HCI/2 | then

(3.10) ‘ > Xp(P)‘<<\G|,[k;@],eerXP(*cn/logx).

Ny jop<z
If N is the unique minimal nontrivial normal subgroup of G, then mkG’N(Q) =1.

Remark. One of the primary benefits of a strong zero-free region for an L-function is that one can
typically prove a correspondingly strong analogue of the prime number theorem, provided that one
can suitably bound the logarithmic derivative. This is usually done by exploiting the full analytic
continuation of the L-function, but this is not something afforded by Theorem [3.3] However, using
the central ideas of its proof, we are still able to prove the strong effective prime number theorem
for the L(s, p) considered in Theorem This is why we list the region of holomorphy and
non-vanishing separately from the effective prime number theorem in Theorem
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Proof of Theorem[1.1]. Let G be S, for some integer n>2ora transitive subgroup of S, for some
prime p. By Corollary G satisfies Conjecture By Lemma [8.I] G has a unique nontr1v1al
minimal normal subgroup, say N(G). Since N (G) is nontrivial, 1t cannot be contained in the

kernel of a faithful representation p of G since ker p is trivial. Therefore, since mf’N(G) Q) =1,
Theorem [L.1] follows from Theorem O

Let G be a finite group, and let N < G be a nontrivial normal subgroup. We observe that if
F is a subfield of K € §¢(Q) for which F'n K = k, then the kernel of the Artin representation
pr of Gal(K/k) associated to the Artin L-function (r(s)/(x(s) does not contain N. Therefore,
Theorem [3.7] is applicable. We emphasize two widely applicable cases of this in our next result;
these will enable us to prove the applications in Section [2}

Corollary 3.8. Let k be a number field and QQ > 1. For a field F, let F denote its normal closure
over k and let p be the Artin representation satisfying L(s, pr) = Cr(s)/Ck(s).

(1) Let n > 3. For all e > 0, there exists an effectively computable constant cyg = co(n, [k :

Ql, ) > 0 such that for all except O, [1.q)-(Q°) fields I € ﬂns (Q),
(a) L(s,pr) is holomorphic and non-vanishing in the region Qz(g/n!), and

(b) if 2 > (log Dp)8 /e then
(3.11) | Y e )| <ngrea)e mexp(—eo/loga).

Ny /op<z
(2) Let p be prime. For alle > 0, there exists an effectively computable constant c19 = c10(p, [k :
Ql,e) > 0 such that for all except O, 1.q)-(Q°) fields F' € Fr(Q),
(a) L(s,pr) is holomorphic and non-vanishing in the region Qz(e/p!), and
(b) if x> (log Dp)8 @V*/e then

(3.12) | Y e )] < vexp(—er0/log ).

Ny /op<z
Proof. (1) When G = S,,, let N be the unique minimal nontrivial normal subgroup of G, which
is either A, or V4. In either case, N is transitive, and thus its interesection with a stabilizer

subgroup of S, has index n in N. Additionally, since N is the unique minimal, mg N(R) =1 for
all R > 1, and Hypothesis[T(G, N)|is satisfied via Corollary [3.5] Finally, there exists an effectively
computable constant c1; = ci1(n, [k : Q]) > 0 such that Dz < cHDE:k] < cHDEZk]!. Thus, for
cach F € Z" 5n(Q), the normal closure F over k lies in o (en QN I F e ﬁg’s’l (Q), then

FNFN = k because F is the fixed field of a stabilizer subgroup. The result now follows from
Theorem [B.71

(2) The proof is the same as the previous part, except that we combine the contributions from all
of the transitive subgroups of S, (of which there are O,(1)). We invoke Lemmal8.1]and Corollary-
to each of these transitive subgroups in order to apply Theorem [3.7]

Remark. The lower bounds in (2.5)) ensure that Corollary [3.8] E is not vacuous.

Our proofs for Theorems and rely on the bounds (3.11) and (3.12)). Our proof of
Theorem and hence our proof of Theorem uses the strong zero-free region in Corollary

3.5. Further examples. As is made clear in the previous sections, our results are strongest for
groups G possessing a unique minimal normal subgroup N for which T(G, N) holds. In particular,
we obtain the following analogue of Theorem for such groups G.

Theorem 3.9. Let k be a number field. Let G be a finite group with a unique minimal normal
subgroup N such that Hypothesis|T(G, N)|holds. Let QQ > 1. For alle > 0, there exists an effectively
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computable constant ¢ = c1(|G|,[k : Q],e) > 0 such that for all except O|q| k:q),-(Q°) normal
extensions K/k with Gal(K/k) ~ G and absolute discriminant Dg at most Q, each irreducible
faithful Artin representation p of Gal(K/k) satisfies

) Z tr p(Froby) | <|q|,1x:q),c T exp(—c1v/log )

Ny jop<z
for all > (log Dy 3Gz,

There are many groups G satisfying both hypotheses of Theorem For example, there are 50
transitive groups of degree 8, of which 42 are subject to Theorem and of the 1954 transitive
groups of degree 16, there are 1706 subject to Theorem We therefore do not aim to provide
an exhaustive list of such groups. Instead, we highlight a few systematic examples beyond the
symmetric groups S, and transitive groups of prime degree that have played a role earlier in this

paper.

All simple groups G, with N = G.

The non-simple alternating group A4, with N = V4, the Klein four subgroup.

The affine general linear group AGL,4(F,), with N = (Z/pZ)?, and more generally any
group of the form Gy x (Z/pZ)¢ with Gy an irreducible subgroup of GLg(F,).

Almost simple groups G whose socle has prime power index in G.

Wreath products S35 H and Sy H for transitive permutation groups H of degree d, with
N = A¢ and N = V{2, respectively.

All but the last of these are primitive permutation groups, and consequently it is straightforward
to obtain a version of Theorem for these groups equal in quality to that for S,, and groups of
prime degree. It is also possible to obtain a version for imprimitive groups, but with a somewhat
worse bound on the /-torsion subgroup. Additionally, for any group G with a unique minimal
normal subgroup N for which Hypothesis holds, primitive or otherwise, an analogue of
Theorem holds with the quadratic resolvent replaced by the subfield KV fixed by N.

Theorem 3.10. Let G be a finite group with a unique minimal normal subgroup N for which
Hypothesis holds. Let k be a number field. Let C C G be a conjugacy class and let [Clq/n
denote the associated conjugacy class in G/N. Let Q > 1. For all € > 0, there exists a constant
c1 = c1(|Gl, [k : Q,€) > 0 such that for all except Oy, 1.q)-(Q°) fields K € 39(Q), one has that for
any = > (log D )31C1/e | there holds

C
‘N‘_;[C‘]G/N’W[C]G/N (z; KN/k) + On,[k::Q],a(ﬂﬁ exp(—c1v/logz)),

where KN denotes the subfield of K fized by N.

me(x; K/k) =

4. PRELIMINARIES ON ARTIN L-FUNCTIONS

We recall the definition of an Artin L-function following [41, Chapter 2]. Let K/k be a Galois
extension of number fields with Galois group G = Gal(K/k). Let Oy be the ring of integers of k.
For each prime p of k and each prime P of K lying over p, let Dy = Gal(Kq/kp), where Ky and k,
are the completions of K and k at ‘B and p, respectively. Let Fiy and F}, denote the residue fields
of ‘B and p. There is a map from Dy to Gal(Fyp/F,) that is surjective by Hensel’s lemma. Define
Iz to be the kernel of this map; we then have an exact sequence

1 = Iy — Dy — Gal(Fyp/F,) — 1.

The group Gal(Fip/F,) is cyclic with generator z 2P, Choose op € Dy whose image in

Gal(Fip/F},) is this generator; it is only defined modulo Ip. We have Iy = 1 for all unramified
p, so for these p, o is well-defined. If we choose another prime ' above p, then Iy and Dy
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are conjugates of Iy and Dyg. For p unramified, we denote by o}, the conjugacy class of Frobenius
automorphisms at primes ¥ above p.

Let p: G — GL,(C) be a complex representation of G, and let V' be the underlying complex
vector space on which p acts. We may restrict this action to the decomposition group Dy and see
that the quotient Dy /Iy acts on the subspace V1% of V on which Iy acts trivially. Any ogp will
have the same characteristic polynomial on this subspace. For Re(s) > 1, we define

Ly (s, p) = det(1 — p(ow)|V*Np~*)~! H (1= ajp(p)Np~) 7!

Note that the matrix p(ogp) |V remains the same if one changes the prime B lying above p; indeed,
if p is unramified, then p(og)|V* = p(oy). We then define

(4.1) l_IL,J s, p) Z AICTE;)

We have that |a;,(p)] < 1 for all j and p, so L(s, p) has an absolutely convergent Dirichlet series
and Euler product for Re(s) > 1.
Let Tr(s) := n~%/2T'(s/2). For each archimedean place v of k, we define

I (S ) N FR(S)nFR(S + 1)“ if kv = (C,
PP DR(s) (s + 1) if ky = R,

where a = a(p) is the dimension of the +1 eigenspace of complex conjugation. We define the
numbers f1,(j) by the identity

n[k:Q]
H Ly(s,p) H Ir(s 4 pp(7))-
v archim. j=1

Let the integral ideal q, C O} denote the conductor of p over k. The completed L-function is
defined by

(4.2) A(s, p) = (DfNygdp)**L(s, p) Loo (s, p).
There exists W (p) € C of modulus one such that
A(s,p) = W(p)A(1 - 5,7)

for all s € C at which A(s, p) is holomorphic, where 7 is the complex conjugate of p. We define the
analytic conductor of p by

n[k:Q]

(4.3) Clp,t) == DfNysgd, [[ B+ Im(G) +it]),  Clp) :=C(p,0).
7j=1

We observe that

(4.4) C(p,t) < ji-q) DiNgjgu,p(3 + [¢)"HO.

Lemma 4.1. If p is an n-dimensional Artin representation over k whose L-function L(s,p) is
entire, then for Re(s) > 1/2, then

1-0o . o—
L (s, p)| < freg) Clp, 1) 27 (log Cp, 1)) HAET=,

Proof. The bound |L(1 + it, p)| <y r:q) (log C(p, )" follows by proceeding as in the proof of

[9, Theorem 2]. The bound |L(3 + it, p)| L, [k:Q) C(p, t)"F A/ follows from the convexity bound
due to Heath-Brown [2§]. O
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If p is 1-dimensional, then Artin reciprocity shows that L(s, p) is a Hecke L-function and is thus
entire if p is nontrivial. The Artin conjecture asserts that L(s,p) is entire for every nontrivial
irreducible representation of G = Gal(K/k), but this is unknown in general. The best general
result is due to Brauer, and is a consequence of his induction theorem.

Lemma 4.2 (Brauer induction). For any complex representation p of Gal(K/k), the Artin L-
function L(s, p) has a meromorphic continuation to C.

We shall speak interchangably about the Artin L-function associated to p and to its character
X, (i.e., its trace). For example, if 1 denotes the character of the trivial representation of G, then
L(s,1¢) = Cx(s). Also, for any p, if there are rational coefficients ¢; such that

k
Xp = E ciXpw
=1

where for each i < k, p; is complex representation of GG, then Artin showed
k k
L(s,p) = L(s,xp) = [ [ (s, xp:)% = [ ] L(s,p0)"".
i=1 i=1

Finally, if x is a character of a subgroup H C G, let x* = Indgx denote the character of G induced
by x. Then there is an equality of the associated L-functions,

L(s,x) = L(s,x"),
where L(s, ) is an Artin L-function associated to K /K and K* denotes the subfield fixed by H.

5. TRANSFER OF ZERO-FREE REGIONS

The goal of this section is to prove Theorems and whose setup we briefly recall. Let K/k
be a normal extension of number fields with Galois group G. Let N < G be a normal subgroup
and let KV denote the fixed field of N. We wish to show that if (x(s)/(xn(s) is non-zero in
a region ) C C, then L(s, p) is holomorphic and non-vanishing on 2 for every irreducible Artin
representation p of K /k whose kernel does not contain N. We shall make this more precise shortly,
but in loose terms, the idea is to first show that a zero-free region for (x(s)/Cxn~(s) transfers to
L-functions attached to certain 1-dimensional characters of subgroups H C G. We do so in Lemma
for the largest possible set of characters for which this conclusion could reasonably hold, namely
those whose kernel does not contain H N IN. The next step is to show that this transfer of zero-free
region to L-functions associated to 1-dimensional characters suffices. This transfer is equivalent to
showing that the inductions of these 1-dimensional characters generate all characters of G whose
kernel does not contain N. This is Hypothesis [T'(G, V)| which we restate in an equivalent manner
below. Conjecture asserts that Hypothesis [T(G, V)| holds for all finite groups G and normal
subgroups N < G. If Hypothesis holds, then Theorem readily follows. The verification
of Hypothesis[T(G, N)|is the most subtle piece of the argument. We are unable to prove Hypothesis
T(G, V)| holds in general; however, we do show in Theorem that it holds in many natural cases,
most notably when either the index [G : N] is a prime power or N is solvable. We then provide
the proof of Theorem that reduces the general Conjecture to proving Hypothesis
for a concrete set of groups. We close this section by illuminating the ideas of this paper with the
example G = S5 and N = As.

Our approach is inspired by Brauer’s approach to the Aramata—Brauer theorem that the quotient
Cr(s)/Ck(s) is entire. The ideas of Brauer’s proof quickly establish the theorem in the special case
N = G, and thus with KV = k. In fact, as Brauer’s work is also an ingredient in our proof of the
general case, we find it useful to briefly summarize his ideas.
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5.1. The Aramata—Brauer theorem and Theorem [3.3] when N = G. We first introduce
some notation. Given a subgroup H C G, we let 15 denote the trivial character of H. Given any
character x of H and any subgroup H' O H, we let Indg/ X denote the character of H' induced by
X- We begin with the following lemma of Brauer [7].

Lemma 5.1 (Brauer). Let N be a finite group. For each nontrivial character x of a cyclic subgroup
of N, there is a positive rational constant c, such that

IndV1 -1y = Z Z, cxlnd%x
N
9C Mxeld)

where x runs over the nontrivial characters of the cyclic group (g).

Proof. Brauer shows that if x is a nontrivial character of the cyclic subroup (g), one may take

1 _
X =N > (1=x(n).
INT <
9)
(h)y=(g)

This is rational (it is invariant under the action of Galois) and positive (because x is nontrivial). [

From Lemma it is straightforward to deduce the Aramata—Brauer theorem and a first con-
sequence toward non-vanishing.

Lemma 5.2. The quotient (i (s)/(xn(s) is entire. Moreover, let H C N be a cyclic subgroup and
let x be a nontrivial irreducible character of H. If Cx(s)/Cxn(8) is non-zero in a region Q C C,
then L(s,x) is holomorphic and non-vanishing in €.

Proof. By Lemma [5.1] it follows for Re(s) > 1 that

~TTIT 2o

geN
g¢ldx€<9)

CKN

Each character y is abelian, hence each L(s, x) is entire. Since (x(s)/(xn(s) is meromorphic and
since each ¢, is positive, it follows that (x(s)/(xn(s) is entire. The statement on non-vanishing
similarly follows from the positivity of each ¢, and the fact that each L(s, x) is entire. O

For the next lemma, we introduce some additional notation. For any finite group G, let Rz (G)
denote the ring of virtual characters of GG, i.e. integral linear combinations of the irreducible
characters of G, and let Rg(G) = Rz(G) ® Q and Rc(G) = Rz(G) ® C. The space Re(G) is the
space of class functions on GG, on which there is an inner product

(f1, f2)c |G|Zf1

geG

The irreducible characters of G form an orthonormal basis for R¢(G) with respect to this inner
product. The orthogonal complement of the trivial character is the space of class functions with
mean 0 on G. By Frobenius reciprocity, this condition is invariant under induction. We also note
that this inner product is defined on Rg(G) as well.

Our next lemma is essentially the Artin induction theorem.

Lemma 5.3 (Artin induction). The orthogonal complement of the trivial character in Ro(G) is
spanned by the induction of nontrivial characters of cyclic subgroups of G.
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Proof. It suffices to prove the analogous statement over C. Given g # id, let f,; be the class function
on the cyclic group H = (g) defined by

1, ifh=y,
fg(h) =< =1 if h=id,
0 if h¢{g,id}.
As fy has mean 0 on H, it may be expressed as a linear combination of the non-trivial characters of
H. Its induction Indg fg thus also has mean 0, and is supported on the identity and the conjugacy

class of g. Varying over all g # id, such functions naturally span the orthogonal complement of the
trivial character. g

Combining Lemmas [5.2] and we obtain:

Lemma 5.4. Suppose that Cx(s)/Cxn(s) is non-zero in a region Q@ C C. Let ¢ € Ro(N) lie
in the orthogonal complement of the trivial character of N. Then the Artin L-function L(s,1)) is
holomorphic and non-vanishing in €.

Proof. Applying Lemma to IV, there are rational numbers ¢,y such that

Y= Z Z Cx’wlndgﬂ’

geEN PRy
L X€E(g)
g#id x#1

where the sum runs over the nontrivial characters of (g). Consequently, we find the factorization

L(va) = H H L(SaX)cX’w'

9EN e (g)
gia XY

By Lemma each L(s,x) is holomorphic and non-vanishing in €2, so the same must hold for
L(s, ) as well. O

Lemma [5.4] yields Theorem [3.3]in the case N = G. The general case is apparently more subtle,
however.

5.2. Inductions of characters with restricted components. Recall that there is a natural
injection Rg(G/N) — Rq(G) given by pullback, so we may regard Ro(G/N) as a subgroup of
Ro(G). Exploiting the inner product on Rg(G), we may thus consider an orthogonal decomposition

(5.1) Rq(G) = Ro(G/N) & Rg(G/N)*,

where Rg(G/N)* denotes the orthogonal complement of Rg(G/N). So doing, Rg(G/N) is spanned
by the irreducible constituents of the character Ind§1y. Consequently, Ro(G/N)* is most nat-
urally spanned by the irreducible characters whose kernel does not contain N. These are exactly
the characters of the type considered in Theorem However, as in the previous subsection, the
analytic properties of the L-functions attached to such characters are not easily accessed directly
and are only understood by comparison to L-functions attached to 1-dimensional characters.

Hypothesis ﬂ] asserts a refinement of the Artin induction theorem that respects the orthog-
onal decomposition (5.1)). It follows from Lemma that Rg(G/N) is spanned by the induction
of one-dimensional characters whose induction itself lies in Rg(G/N); in fact, characters of cyclic
subgroups suffice. In other words, it follows that

Rq(G/N) = spang U {Ind%x: x € Irr(H), dimy = 1, and Ind%x € Ro(G/N)},
HCG

where Irr(H) denotes the set of irreducible complex representations of a subgroup H C G.

Hypothesis [T(G, N)|is equivalent to the corresponding statement for Ro(G/N)* .
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Hypothesis (Equivalent formulation of Hypothesis [T(G, N)). The space Ro(G/N)* is spanned
by the induction of one-dimensional characters whose induction lies in Ro(G/N)*. In other words,
we have that

Ro(G/N)* = spang U {Ind$x: x € Irr(H), dimx = 1, and Ind§x € Ro(G/N)*}.
HCG

The main result of this section, Theorem below, establishes Hypothesis when N is
solvable or the index [G : N] is a prime power. Its proof concludes that of Theorem (3.4

The subtlety of Hypothesis is revealed upon noting that the orthogonal decomposition
is preserved neither upon restriction to subgroups H C G nor upon induction from subgroups.
For example, the trivial character of H always lies in Ro(H/H N N), but its induction to G need
not lie in Rg(G/N). Thus, typical elementary approaches exploiting the adjointness of induction
and restriction do not obviously apply. Moreover, it is not the case that the induction of characters
of cyclic, or even abelian, subgroups suffice to span Rg(G/N)* in general.

We first prove a non-vanishing result for L-functions attached to the characters we shall use. For
this, we note that if x is a 1-dimensional character of a subgroup H C G, then Ind%x € Ro(G/N)+
if and only if the kernel of x does not contain H N N.

Lemma 5.5. Let H C G be a subgroup and suppose that x is a 1-dimensional character of H
whose kernel does not contain H N N. If (x(s)/Cxn(s) is non-vanishing in a region @ C C, then
L(s,x) is holomorphic and non-vanishing in Q.

Proof. Since x is 1-dimensional, it follows from Artin reciprocity that L(s, x) is a Hecke L-function,
and since y is nontrivial, it is thus entire. To show that L(s,x) is non-vanishing in €, let x* =
Indgx, and consider the character 6y = Ind%lN — 1g of G. Then x* + Oyx* = X*Ind%lN =
Ind]va*N, where X := x*|n denotes the restriction of x* to N. It follows that
L(S, X)L(‘S? X* ® QN) = L(57 X?\/)

By our assumption on x, the character x3 of N is orthogonal to the trivial character. Thus, by
Lemma L(s, x) is holomorphic and non-vanishing on 2. Consequently, the lemma will follow
provided we show that L(s, x* ® 0y) is entire.

By Lemma applied to G/N, we may express 0y as a positive rational linear combination of
the induction ¥* of characters ¥ of cyclic subgroups of G/N. Since L(s, x* ® 0x) is meromorphic
by Lemma it suffices to show that each L(s,x* ® ¥*) is entire. Let K¥ C K be the cyclic
subextension from which ¢ is induced and let F’/F be the cyclic extension corresponding to Y.
Let 1pr denote the restriction of v to the subgroup Gal(FK™/FKY) C Gal(KN /KY).

If F’ is linearly disjoint from FK? over F, then we may regard both y and ¢ as characters of
the abelian Galois group Gal(F'K /FKY). Thus, the product xtr is well-defined, and we have
L(s,x* @ ¢*) = L(s, xtr). Our assumption on x ensures that I’ is not contained in FK", so the
character x®r is non-trivial, and hence L(s, x* ® 1*) is entire in this case.

If F’ is not linearly disjoint from FKY over F, the character x¢'r need not be defined. However,
we may regard y as a character of Gp = Gal(KNF'/F) and ¢ as a character of its subgroup
Gy = Gal(KNF'/FKY). So doing, we find XInngwF = Indgz (¥FXy), where xy = X|g, denotes
the restriction of x to Gy. Then L(s,x* ® ¢*) = L(s,¥rXxy). As above, by our assumption on
X, the (abelian) character ¢ gy, is non-trivial, and we again conclude that L(s, x* ® ¢*) is entire.
This completes the proof of the lemma. ([l

Theorem 5.6. Let G be a finite group and N < G a normal subgroup. If N is solvable or the
index [G : N| is a prime power, then Hypothesis|T'(G, N )| holds.

Proof. Notice that the induction of a character y from a subgroup H is in the orthogonal comple-
ment of Rg(G/N) if and only if its kernel does not contain H N N. Thus, the conclusion of the
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theorem holds if every irreducible character of G is the induction of a 1-dimensional character of a
subgroup of G, i.e. if G is monomial. Consequently, the theorem holds whenever G is abelian or,
more generally, whenever G is nilpotent [47, Chapter 8]. In fact, all monomial groups are solvable,
so this fact is subsumed by the statement of the theorem. We find it convenient to note also that
all p-groups are nilpotent, so the statement is known in this case. It also holds when N = G by
Lemma Finally, we note that it is also known when N is abelian by work of Deligne and
Henniart [13, Proposition 2.2].

We first consider the case that N is solvable. We proceed by induction on the order of G, taking
as a base case the statement for abelian G. If N is trivial, then the conclusion is vacuous, so we may
assume that N is nontrivial. Let N’ be a nontrivial minimal normal subgroup of G contained in N.
Since N is solvable, N/ must be solvable as well. Additionally, since N’ must be characteristically
simple, it is isomorphic to a group of the form T for a simple group 7. Since N’ is solvable, T
must be cyclic of prime order, so N’ is abelian. Consequently, by [13, Proposition 2.2], it follows
that T(G, N’) holds.

If N = N, then this establishes the result. If N’ C N, then Ro(G/N) is a proper subspace of
Ro(G/N') and Ro(G/N')* is a subspace of Rg(G/N)*, where all spaces are viewed as subspaces
of Rg(G). Moreover,

Ra(G/N)* = Ro(G/N')* @ (Ro(G/N') N Rg(G/N)*).

Since T(G, N') holds, Rg(G/N')* is spanned by the induction of 1-dimensional characters whose in-
ductions lie in Rg(G/N')*+, which must also lie in Rg(G/N)*. It remains to show that Rg(G/N')N
Ro(G/N)* is spanned by such characters. However, since N’ C N, G/N ~ (G/N')/(N/N'), and
the elements of Rg(G/N') N Rg(G/N)*L are obtained by pullback from Rg((G/N')/(N/N"))+ C
Ro(G/N'), where we regard Ro(G/N’) in this final statement as its own space and not as a sub-
space of Rg(G). Since N is nontrivial, T(G/N’, N/N’) must hold by the inductive hypothesis, and
we conclude that Rg((G/N')/(N/N'))* is spanned by the induction of 1-dimensional characters
whose kernel does not contain N/N’. Pulling back a basis of such characters, we deduce that
Ro(G/N')NRg(G/N)* is spanned by the induction of 1-dimensional characters whose kernel does
not contain N. This yields the result in the case NN is solvable.

We now consider the case that [G : N] is a prime power. We once again induct on the order
of GG, exploiting the subgroups of G. It suffices to work with complex coefficients, that is, to
show the orthogonal complement of R¢(G/N) inside R (G) is spanned by the induction of such
characters. We therefore consider a class function f of G that is orthogonal to the induction of all
such characters, with the goal of showing that it lies in R¢(G/N). Equivalently, we wish to show
that f is constant on cosets of IV, that is, that f(a) = f(b) whenever ab~! € N. Consider two such
elements a,b € G.

By Frobenius reciprocity and the inductive hypothesis, it follows that if a and b lie in the same
proper subgroup H, then f(a) = f(b). In particular, if @ and b do not generate G, then we may
take H to be the subgroup generated by a and b. Thus, we may assume that a and b generate G.
This implies that G/N is cyclic, since we have assumed that aN = bN.

Next, since the index of N in G is a power of a prime, we may write [G : N] = p*. By our
inductive hypothesis applied to the cyclic subgroup generated by a, or noting that such a group
is abelian, we see that f(a) = f(a™) whenever m = 1 (mod p¥). Thus, replacing a by a suitable
power if necessary, we may assume that the order of a is a power of p. Similarly, we assume that
the order of b is a power of p. Let H be a Sylow p-subgroup of G containing a, possibly equal
to G itself. Since f is a class function, we may conjugate b if necessary to assume that b € H as
well. But H is a p-group, so the theorem holds for H. As we have ab~! € H N N, it follows that
f(a) = f(b). This establishes the theorem in the case [G : N] is a prime power. O
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Proof of Theorem[3.3 With these facts in hand, the proof of Theorem is now straightforward.
Any irreducible representation p of G whose kernel does not contain N lies in the orthogonal
complement of Rg(G/N). If Hypothesis holds, and in particular under the assumptions
of Theorem there are rational constants ¢, (p) such that

L(s,p) = [ L(s, 0%,
X

where the product runs over 1-dimensional characters y of subgroups H of G whose kernel does not
contain N. By Lemma 5.5 if Cx (s)/{xn (s) is non-vanishing in the region Q C C, then each L(s, )
is holomorphic and non-vanishing in Q. Thus, the same must be true for L(s, p). This completes
the proof. O

Proof of Theorem [3.6. The proof of Theorem given above shows it is sufficient to understand
Hypothesis for finite groups G with nonabelian minimal normal subgroups N such that
G/N is cyclic of non-prime power order. We begin by showing it is further possible to reduce to
the case that G is a subgroup of Aut(N).

Let K be the kernel of the map G — Aut(N) given by conjugation. Since N is nonabelian
and minimal, K N N is trivial, and this realizes G as the fiber product G/N xq/nyx G/K. The
quotient G/K is naturally a subgroup of Aut(NN) containing N, and we suppose that Hypothesis
T(G/K,N) is true. Since G/N is abelian, any irreducible character of G may be decomposed as
a product (x1,x2), where x1 is a character of G/N and x» is a character of G/K, with two such
products being the same if they differ by a factor (1, ) for a character ¢ of the common quotient,
G/NK. Let (x1,x2) be an irreducible character of G' not contained in Rg(G/N), so in particular
X2 is an irreducible character of G/K lying in Rg(G/KN)*. Since we have assumed T(G/K, N)
holds, there are constants ¢, € Q such that

X2 = Z Z CXIndg/Kx.
HCG/K x€lrr(H)
x(1)=1
ker x2HNN
For a subgroup H C G/K, let Hg denote the corresponding subgroup of G, i.e. Hg = {(a,h) €
G/N xg/nk G/K : h € H}. Then any 1-dimensional character x of H is also a character of
Hg and the character x; restricts to a character on Hg. Moreover, if N N H ¢ kery, then
NN Hg < ker(x - x1|H,) as well. Additionally, we have

(xux2) = Y, Y edndf, (x - xalmg),
HCG/K xelrr(H)
x(1)=1
ker x2HNN
which shows thatT(G, N) holds provided T(G/K, N) does. This reduces Conjecture|3.2|to the case
that G is a subgroup of Aut(N), where N is a nonabelian minimal normal subgroup of G.

Since N is minimal, it is characteristically simple, and hence of the form T for some nonabelian
simple group 7', in which case G is a subgroup of the wreath product Aut(7")!Sy. Applying the
reductions in the proof of Theorem we may assume G/N is cyclic. This implies that d must be
prime, since otherwise the degree d permutation action of G would have nontrivial blocks, violating
the assumption that N is minimal. This yields the theorem. ([l

5.3. An example: The symmetric group S5. We illustrate the proof of Theorem in par-
ticular Lemma [5.5] and Theorem with one of the simplest interesting examples. Let G = S5
and N = As, let K/k be a normal extension with Galois group S5, and assume that (x(s)/(xas(s)
is non-vanishing in some region €2 C C. Apart from the trivial character, S5 also admits the sign
character, which we denote xgsgn, Whose kernel is equal to As. Every other irreducible complex
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representation of S5 is faithful. We denote these p4, ps ® Xsgn, p5, P5 @ Xsen, and pg, where the
subscript indicates the dimension of the representation; for the purposes of this discussion, the
choice of which 4-dimensional representation we denote p4 and which we denote ps ® Xsgn is neither
important nor illuminating, nor is the choice of p5 and ps ® Xsgn. Theorem asserts that the
L-functions attached to these five faithful representations should be holomorphic and non-vanishing
in Q.

For L(s,pg), this follows from Lemma since pg is its own twist by xsen and is therefore
induced from an irreducible representation of As. In general, a representation is induced from As
if and only if it is its own twist by Xsen, and the As-representation is orthogonal to the trivial
character if and only if the associated L-function is holomorphic at s = 1. Thus, for the other
faithful representations, it only follows from Lemma that the products L(s, p4)L(s, p4 ® Xsen)
and L(s, ps)L(s, p5 @ Xsgn) are holomorphic and non-vanishing in €.

Let now x¢, be either primitive character of the cyclic subgroup Cg := ((123)(45)) C S5. The
kernel of x¢, is trivial, but Cs N As is not, so L(s, x¢,) is subject to Lemma Indeed, the proof
of Lemma in this case amounts to observing that the character xc; ® Xsgn = Xé’@ is another non-
trivial character of Cs whose kernel does not contain CsNAs. The product L(s, xcs)L(S, XCs @ Xsgn)
is then induced from a representation of As that must be orthogonal to the trivial representation
of As since the L-function does not have a pole at s = 1. It follows from Lemma that this
product is holomorphic and non-vanishing in 2, and since each factor is entire, the same holds for
both L(S, XCG) and L(S>XCG ® ngn)-

By expressing the induction of x¢, in terms of the irreducible representations of S5, we now
compute that

L(s, xc5) = L(s, pa) L(s, p5) L(8, p5 © Xsgn) L (8, ps)-
Observe that L(s, p4) may therefore be expressed as a quotient of functions that are holomorphic and
non-vanishing in 2, so it must be holomorphic and non-vanishing as well. By instead considering
L(s,XCs ® Xsgn), we similarly find that L(s, p4 ® Xsgn) is holomorphic and non-vanishing in €.

To show that L(s, ps) and L(s, p5s ® Xsgn) are holomorphic and non-vanishing in €2, it is necessary
to work with non-abelian subgroups of S5, since a computation reveals that the induction of char-
acters from other abelian subgroups gives at most the same information as xc, above. Thus, we
consider the 2-Sylow subgroup D4 C S5. The sign character restricts to a non-trivial character of
Dy, but there are two other quadratic characters of Dy that are twists of each other by Xsn, thus
witnessing again the proof of Lemma Let xp, denote one of these characters. Then L(s, xp,)
is holomorphic and non-vanishing in €2, and we compute

L(s,xp,) = L(s, pa) L(s, p5) (5, ps)-

From the above discussion, both L(s, p4) and L(s, pg) are holomorphic and non-vanishing in €2, so
it follows that L(s, ps) must be too. Finally, working instead with L(s,xp, ® Xsgn), We conclude
that L(s, ps ® Xsgn) is holomorphic and non-vanishing in 2 as well.

In general, an analysis of the proof of Theorem shows that it always suffices to consider
characters of abelian subgroups and of subgroups of p-Sylow subgroups for p | [G : N]. Unlike the
above example, however, the proof of Theorem proceeds indirectly via class functions to avoid
needing a careful understanding of the character theory of G and its subgroups. We leave open
the questions of whether there is a more direct proof of Theorem |5.6] whether Hypothesis
holds in general, and whether there is an explicit description of a sufficient set of characters.

6. THE ZERO DENSITY ESTIMATE

We now turn to establishing the main zero density estimate, from which Theorem will ul-
timately follow. Let k be a number field, let G be a finite group, and let N < G be a normal
subgroup. Recall the definitions of §¢ and F¢(Q).
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Given K € SE, define

NK/KN(U,T) = #{5—1—2’7: >0, |y <T, m _ 0}.

Recall that

mON(Q) = max #{K, e FE(Q): KinKy# KN NKYN}.
KlES’E(Q)

We will prove the following zero density estimate.

Theorem 6.1. Let 0 < o <1, Q > 1, T > 2, and € > 0. There exists a constant Cqg > 0,
depending at most on G, such that

Z Ni/rn (0, T) <|a), k) m{?N (Q)(QTICIU)B+ICIA=0) (1o0g Q1) Cailk:C,
Ke3¢(Q)

6.1. Tensor products of certain Artin representations. For future convenience, given K €
Sg, let ¢ denote the character of G' given by ¢ i := Regg — Ind%l N, where Reg, denotes the
character of the regular representation of G. Thus,

L(s, k) = Ck(s)/Cxn(s)
for any K € Sg

Lemma 6.2. Let G1 and Go be finite groups. Suppose that 11 and s are characters of G1 and
Go, respectively, that are positive rational linear combinations of characters induced from non-trivial
one-dimensional representations of cyclic subgroups of G1 and Gs.

Then the character 1119 of the direct product G1 x Go is a positive rational linear combination
of characters induced from non-trivial one-dimensional representations of subgroups of G1 X Gs.

Proof. If x1 and y2 are non-trivial characters of subgroups Hy C GG1 and Hy C (s, then yixo is
a character of H; x Ho, and (Ind%m)(lnd% X2) = Ind%i% X1X2, where the equality is taken as
characters of G; X Go. The result follows. O

Lemma 6.3. Let K1 and K» be distinct normal extensions of k with Galois group G. If K1N Ky =
KN N KY then the Artin L-function

L(S7 wK1 ® 1/}1(2)
is entire, Q. oy, divides @%2/:?@[121/::}, and NpjqUy, ovx, divides DE?IQ:HD[Ig“k]D;[Klzk”KQ:k].

Proof. Let F = K1 N K. By assumption, both K1V and K’ contain F, and we may regard the
quotients CKl(S)/QK{V(S) and (g, (s)/CKév (s) as L-functions over F, say

Cry (S) CKQ(S)
CK{V(S) CK%V(S)

By Lemma the characters ¢, /p and ¢k, /p are non-negative linear combinations of characters
induced from nontrivial one-dimensional representations. Moreover, we have Gal(K;K3/F) ~
Gal(K,/F) x Gal(K2/F), so it follows from Lemma that the same holds for the character
YK, /FVK,/r- In particular, the L-function

= L(S,’Q/)KI/F) and = L(S,wKQ/F).

Cr1 i (5)Cen ey (8)
. L B 1 :
(6.1) (S,le/F®¢K2/F) CKlKéV(S)CK{VKz(S>
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is entire. Next, if we set Gp = Gal(K1K2/F) and Gy, = Gal(K;Ky/k), then the characters ¢k,
and ¢, of Gy are induced by the characters ¢, /p and Y, /p of Gp. It follows that

Uit = (G ey ) (0dGE ey v )

G G G G
= IndGl; (’(/}Kl/F . ReSG;IndG;"l/JK2/F> = Z IndGl;/lpKl/Flbgfg/F?
O’GGk/GF
where V%, /P is the character conjugate to v, ,r via 0. However, since K3/k is Galois and the
character ¢, r is valued in Z, ¢ P Vi, for every o € Gy /Gp. Thus, we conclude that
Vi i, = [F  kIIndgr e, ptbi, e and Lis, vk, @ ;) = L(s, 9, r ® Ve, p)F*. This shows
that it is entire.
To bound the conductor, we rewrite
CK1K2 (5)/<K1K§’ (5)
CKNK, (5)/CK{VK§V (s)
Both the numerator and denominator are entire, by the Aramata—Brauer theorem. Since ¢, /rk, /r

is a character of G, it follows that the conductor of L(s, ¢k, /r®vk, ) divides that of the numera-
tor, which in turn divides D, g, ), the relative discriminant of the compositum K Ko /F. We have

L(s, %K, /Fr @ Viy/p) =

Dk K/ F | @gﬁ??@g@/?, so the result follows by the conductor-discriminant formula and taking
norms to k. Additionally taking norms to QQ gives the result on the absolute discriminants. O

6.2. Dirichlet series for completely multiplicative functions. Given an n-dimensional Artin
L-function L(s, p) over k and a parameter z depending at most on n, we introduce the completely
multiplicative Artin L-function

(6.2) Le(sp) = [] (0 (o) = 3 2

Nns ’
Np>z n

where z > 0 is a parameter that we will choose to depend at most on n. By construction, a,(n) is
completely multiplicative and satisfies a,(p) = A,(p) for Np > 2z while a,(p) = 0 for Np < z.

Lemma 6.4. Let p be an n-dimensional Artin representation over k whose L-function L(s,p) is
entire, and let L,(s,p) be as in (6.2)). If z is sufficiently large with respect to n, then there exists
an Fuler product

H.(s,p) = HHP<Sﬂ P)
p

such that if Re(s) > %, then:

(1) H,(s,p) converges uniformly and absolutely,
(2) Lo(s, p) = H.(s, ) L(s, ),

(3) H,(s,p) is non-vanishing, and

(4) there exists a constant B = B(n) > 0 such that H, (s, p) <n (Re(s) — 1)~ B,

2
Proof. The claimed identity for L.(s, p) holds for Re(s) > 1 once we define

Ly(s,p)~ 1

H. s,p) = 1=Xp(p)Np—s
p(5:0) {Lp(s,p)1 otherwise.

if Np > z,

Because L(s, p) is assumed to be an entire Artin L-function and z depends at most on n, it follows
that

IT 1Hy(s,0)] < 1
Np<z
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for Re(s) > 3. Since each «;,(p) has modulus at most 1, it follows that if Np < z, then Hy(s, p)
has no zero in the region Re(s) > 3.

When Np > z, a tedious calculation similar to that in the proof of [19, Proposition 2] shows that
there exists a degree n — 2 polynomial f whose coefficients depend only on the «a; ,(p) such that

Np~* f(Np~)
1= Ap(p)Np~*
If z > 4n?, then for Np > z and Re(s) > 3, we have |1 — \,(p)Np~*|
modulus at most one, it follows that |f(Np~%)| <, 1 when Re(s) >

Hy(s,p) = 1+ O (Np~2R6(5)),

If z is sufficiently large with respect to n, then we ensure that Hy(s,p) # 0 for Re(s) >
Furthermore, in this region, there exists a constant A(n) > 0 depending at most on n such that

|[Hy (s, p)| < (14 Np=2Rel)) a0,

The desired result now follows from the bound

HP(S)p) =1+

> 1. Since each o ,(p) has
. Therefore,

1
5

1
[T 1Hy(s.p)| < C(2Re()™™, Re(s) > 5.
Np>z
O
Let K1, K5 € &f, and let N be a normal subgroup of G. We write
. Ay (P) Ay (7)
Yy, K K
(6:3) (5 vxc) = I;I < Nps > I+ Z NpJs
where
= |G| —|G|/|N|.
We define Ay, (n) by
)‘dJK (11)
5 zzz)K HLp ; 7an .

In particular, Ay, (n) is a multiplicative functlon.
Suppose that K1 N Ky = K¥ N KY. Since v, ® 1k, is an Artin representation, there exist
complex numbers o, j, K, x K» (p) with modulus at most 1 such that

o - A, @, (P7)
Ly(s, ¥k, ® ¥r,) = H H( “’”’K;K"’( ) = 1+Z Klefj .
J1=1j2=1

It follows from our proof of Lemma that if p { D, kD K, k> then

(6.4) { jo, i x i (P) 1 1 < 1, J2 < d} = o,k (P)as, ko () 1 < i, jo < d}
As with L(s, k), we write

A
(6.5) L(S,del ® ¢K2) = HLP(Sawfﬁ ® d}Kz) = Z W
p n

Parallel with Lemma we provide a convenient factorization of L(s, ¥k, @k, ) when K1NKy =
KN nKY. We define

(66) Lfs(57 le ® ¢K2) = Z a@Z’Kl (n)ad’Kg (ﬂ) )

Nns
n
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Recall that the definitions of the completely multiplicative functions a K (n) depend on the choice
of z in Lemma which we assume is sufficiently large and depending at most on d.

Lemma 6.5. Suppose that K1NKy = K{VﬂKéV Let z in Lemma be sufficiently large (depending
at most on d). There exists an Euler product

HES(vaKl ® ¢K2) = HH;%S(S:"ﬂIﬁ ® wKz)
p
such that if Re(s) > §, then:

(1) HES (5,95, ®1r,) converges uniformly and absolutely,
(2) L?S(s,w[(l ® wKQ) = HES(S,le ® ¢K2)L(37QpK1 ® ¢K2)7 and
(3) there exists a constant Bl; > 0, depending at most on d, such that
‘Hfs(s,le ® wKz)‘ <y (DK1DK2)8/2(RQ(S) - %)_B‘li'
Proof. This is similar to Lemma[6.4] Observe by complete multiplicativity that
LE (5,95, ©vbry) = [ (1 = A, (1) A, (9)NP %) 1,
Np>z
We thus compute
Ly(s,vx, @ ¥r;,) "
HES (5,901, @ Prey) = 4 1= Money () A, (NP
Ly (s, %K, ®K,) ™ otherwise.

Because K1 N Ko = K{¥ N K by hypothesis, L(s,Vx, ® V) is an entire Artin L-function. Since
z depends at most on d, it follows that

[T 155 (s.0m, @ da)| <a 1, Re(s) >
Np<z
We proceed as in [19, Proposition 2] using Lemma For all € > 0, we have

I E¥ (s vk ©vx,)

Np>z
p ramified

if Np > z,

DO | =

<ge (DKlDKQ)E/Q, Re(s) >

DN |

For the other Euler factors, there exists a degree d?> — 2 polynomial f whose coefficients depend
only on the o, j, yx @y, (P) such that

Np~f(Np~*)

1= Xp(p)Np~s-

If = > 4n*, then |1 — A\, (p)Np~%| > % for Np > 2 and Re(s) > 3. Since Oy oo, @, (P) has
modulus at most one, it follows that |f(Np~*)| <4 1 when Re(s) > 1. Therefore,

1

H™ (.05, © ;) = 1+ 0a(Np~ M), Re(s) > o

H;%S(Sﬂybfﬁ ® ¢K2) =1+

Thus, there exists a constant B/, > 0 depending at most on d such that

[HY™S (5,5, ® r,)| < (14 Np~2Rel))Ba,
The desired result now follows from the bound

T 155 (s, 0k, ® 9x,)| < C(2Re(s)) e
Np>z

for Re(s) > 3. O
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6.3. Partial sums. Let ¢(t) be a smooth test function supported in a compact subset of [—2,2],
and suppose that ¢(t) =1 for ¢ € [0, 1] and ¢(t) € [0, 1) otherwise. The Laplace transform of ¢ is

(6.7) 3(s) = /R d(y)evdy.

By construction, a(s) is an entire function of s, and upon integrating by parts, we find for any
integer m > 0 that
(6.9) B(5) Cpum )5

Let T > 1. By Fourier inversion, for any = > 0 and any ¢ € R, we have the identity

1 ct+i00 s
o(Tlogz) = 5eiT /C_ioo o(s/T)xds

Lemma 6.6. Let T,x > 1 and € > 0. If Dk,, Dk, < Q, then

‘ ; A, (n) Ay, (n)o (T log %) ’

- VZ(log 2)BaQICl/2ed?[k:Q) ifKiNKy,=KNnKY,
|G|,[+:Q],¢,e %x(log x)d?[k:@}ﬂ + ﬁTdQ[k:Q] if Ky N Ky # KN nKY.

Proof. Let 7,,(n) be the n-th Dirichlet coefficient of ((s)™. By the definition of a, (n) and the
fact that |a;y, (p)| < 1, the sum we want to estimate is bounded in modulus by

34100 20y~
> renarmo(Tlog T) = 5o [ (o) s/ Tyt
1 2k:Q] 7 s pHe iy s
= = Res ()W UG(s/T)a + o / L) (s Tyads
x

= g P q|(log ) + Og,: Q](\fT ),

Here, Pp1.q) is a polynomial of degree d*[k : Q] — 1 whose coefficients depend the Laurent series
expansion of ¢(s) centered at s = 1 and ¢U)(1/T) for 0 < j < d?[k : Q] — 1. Since T' > 1, it follows
from that Ppp.g)(logz) < prg (log )T WY1, This result holds for all K1, K> € §$(Q); in
particular, the result when K; N Ky # K N K follows.

Now, assume that K1 N Ko = Ki¥ N K. Note that in view of the preceding analysis, our
proposed bound is trivial if x < Q'G‘/Z“sz[k@]. Thus, we may assume that x > Q'G‘/“ETdQ[k:Q].
By and Lemma the sum we want to estimate equals

1/2+4 oo +ico R
//2 1g Hfs@awlﬁ ® Vi, ) L(s, Vi, ®¢K2)¢(3/T)x5dg‘_
1 +m—ioo

Thus, by Lemma and , the integral is

2miT

B ~1G1
<4, [k:Q),0 \F(logﬂﬁ) iQ) 2 +5/ (

( ( +1;+zt))‘dt

sz[ :Q]+2
’ (2 + ‘t‘)dQ[k:@]-i-Q} ¢

which is bounded as claimed. O

lye o0 d2[k:Q)
<<d[k@]¢f(10gl‘) Q2+/ (2+t) 2

—00

min {1
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6.4. A large sieve inequality for Artin representations. We use the results from the preceding
subsections to prove a large sieve inequality for the coefficients a, (n) of L (s, k). We then apply
our large sieve to bound the mean value of a certain Dirichlet polynomial which naturally arises in
Montgomery’s method of detecting zeros of L-functions [39).

Recall that Sg is a set of distinct number fields K which are Galois extensions of k, each with
Galois group isomorphic to a fixed group G, S,?(Q) ={K €§: Dx <@}, and

mPN(Q) = max #{Ky € FT(Q): KinKy # KY N K},
K1€3;§(Q)

Let b: O — C and B: §¢(Q) — C be functions with ¢? norms ||b||2 and ||3||2 defined by
I3=">_ PO 1813= D I8P
x<Nn<gel/T Ke3Z(Q)

Theorem 6.7. Let Q,T,z > 1 and € > 0. Define
C(Q,T,x) := sup Z ’ Z (g (1 ‘ / Ib(n)[2
HbHZ;&o KeFG(Q) Nne(z,zel/T) Nné(z,zel/T]

There exists a constant B > 0, depending at most on |G|, such that
C(Q.T,x) < gy (og ) "6 (mPN(Q) T + Vo CH=p P12l

Proof. By the duality principle of finite-dimensional Hilbert spaces, C(Q, T, x) equals the supremum
over all functions 3: S,?(Q) — C such that [|5]|2 =1 of

(6.9) oY anms)

Nne(z,zel/T] Kegl(Q)

‘ 2

Fix a smooth function ¢ supported on a compact subset of [—2, 2], such that ¢(T log é) is a pointwise
upper bound for the indicator function of the interval (x, ze'/T]. Then is

Nn
(6.10) <Z‘ 3 %K )‘ ¢(Tlog?).
nKeEFE(Q
Expanding the square and swapping the order of summation, we find that (6.10)) equals
Nn
2. ALY 3 oy, (), (M9 (Tlog )
K1,K2€3kc(Q)

Since 9 is real-valued, we have ay, (n) € R. Since |8(K1)B(K2)| < 3(|8(K1)2 + |3(K2)|?) by the
inequality of arithmetic and geometric means and |[|3]|2 = 1, the above display is

< max Z ’Z‘%K M) ay,. ( )¢<Tlog&)‘

K1€3kG(Q)K E%G Q)

By Lemma the definition of mk’ N(Q), and the fact that d < |G| — 1, there exists a constant
Bf. > 0 (depending at most on |G|) such that

(L. T ~ .
Kl oe (log ) EH (mPN(Q) Zo(1/T) + VaQ A/ +=TIoPIUugh Q)).
Once we fix ¢, we have that gg(l /T) < 1 by (6.7). Since Schmidt [46] proved that

#37(Q) <o gy (Q/Dy) 12/
and |G| > 2, the theorem follows. O
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Let uy(n) be the n-th Dirichlet coefficient of (j(s)™'. Then ug(n) = 0 unless n is squarefree, in
which case pg(n) = (—1)#{pln},

Corollary 6.8. Let Q,T > 1. There exists a constant By > 0, depending at most on |G|, such
that if X = Q2(|G|+5 TGPk gnd logY =|a, k0] log X, then

aK()M()2

dv < rgre My (Q)(log X) P& k),

Kegi(@ " X<Nn<X10gY Nn
a GN 1"’ .
/ p3 Nii+1gy+ o <0 mEN (@)X (tog X) BT
Keg¢(Q) Nn<X o

Proof. We prove the first bound; the second is proved identically. A formal generalization of
a result of Gallagher [27, Theorem 1] to number fields tells us that if ¢(n) is a complex-valued
function supported on the integral ideals of F' such that ) |c(n)| < oo, then

/_i)zn:c(n)Nn i /OOO‘ Z c(n) Qdf.

Nne(z,zel/T)
Let X = Q2|G|T2‘G|2[k:‘@}, logY =g kq) log X, and

uk(n)Nn_l_ﬁ if Nn € [X, XlosY],
b(n) =
0 otherwise.

If c(n) = ay, (n)b(n), then

(6.11) > / “‘”f;illﬁw dv <<T2/ > > ay, (n)b(n) 2‘%

KeFZ(Q) T Nne(X, Xlogy] Nn KESG(Q) Nnée(z,xel/T)

We apply Theorem [6.7] and bound the above display by

X
<6l ke Z /b(m) PNn(log N) P62 4 ).

Since logY < log X, Lemma 2.4 of [56] implies that (6.11]) is bounded by mkG N(Q) times

TR 1
(log X ) Bal0l Z N <lcl k) (log X ) Balk QHIRGS Cr(s)-
Nne[X,Xlog Y] B

The residue is <) (log D) Q=1 35, Theorem 1], and the result follows. O

6.5. Proof of Theorem Let K € §¢(Q). The bound

holds for all ¢ € R by proceeding as in [30, Proposition 5.7]. Given o € ( %, 1), we decompose the
rectangle [0, 1] x [T, T] into disjoint boxes of the shape [0, 1] x [u, u 4 2(log X )?], where X is as in
Corollary Each of these boxes contains <g,(x:.q] (log QT )3 zeros. Writing 7, for the number
of smaller boxes which contain at least one zero of L(s, k), then

Ni v (0,T) K kg (108 QT)? 0y,

Since L(s, k) is entire, it follows from Lemma if y € R and B8 > %, then 8+ iy is a zero of
L(s,v) if and only if it is a zero of L,(s, 1 k). Thus, we will detect the zeros of L.(s, 9 ). Since
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the coefficients ay, (n) are completely multiplicative, the n-th Dirichlet coefficient of L. (s, %)~
is ay, () (n). With X as in Corollary we define

S _ e (n) g (1)
Yi=X5%,  Mx(s,¥g):= Y KT
Nn<X

A straightforward computation shows that if 8 + i~y is a nontrivial zero of L(s,x) with 8 > o >
2+ (logY)~ !, then

Ly 1 1=+ gy Hioo . _ .
e = / (1= L.(B+ iy +w,Yr)Mx (B + iy + w, ¥k ))'(w) Y dw

27 J1-p+ 1og1 ¥ 100

1 1 :

1 [Py Tic
— L.(B+ iy +w, k) Mx (8 + iy + w, ¢ )T (w) Y dw.
2 J1_gy 1o

2 logY

If such a zero exists, then at least one of the two integrals above must be large since e VY —
1+O0(Y~1). As in Montgomery’s method [39] for Dirichlet characters, one uses Stirling’s formula
to show that
T

1= La(1+ gy + v, ¥ Mx (1+ gy + v, ) [*do
T

Mo il Y2 (log Y)Q/

T
1 . )
+Y?2 U/ IL:(3 + gy + 10, 0K) Mx (3 + gy + 0, )
-T

T
<) kg Y (log Y)? /T 11— L.(1+ iy + v, ) Mx (1 + iy +iv,¢)[dv

1 r . 1 T ,
+Yz—f’/ |Lz<5+1o;y+w,w<>|2dv+w—”/ [Mx (5 + gy + v, ) Pdv.
=T =T

The second bound follows from the inequality of arithmetic and geometric means.
Lemmas [4.1] and [6.4] imply that

T
/T L2(3 + oy + 10, ¥x)do < g Q2T U2 (log )44,

Furthermore, by Lemmas and H again, if we temporarily write L = L,(1 + @ +iv, Y ) and
Mx = Mx(1+ @ + iv, 1K), then we have
1= LMx|* = |LPIL™ — Mx|?
< |LP(IL™ = Myosy | + [Myiosy — Mx|)?
< rq) (1og QD) MEU(L™ — Mgy [ + [Mxrosy — Mx|?).
A straightforward partial summation shows that |L=! — My v |? <q|,kq] 1, and thus

T

1_, : Ay (M n) |2
Nijin(0.7) ey (132 [QUAT O 105 Qe 4 [ | M @
~  Nngx RS s
T 2
+Yz(l_a)(logQT)|GHk:@]+2[1 N / ‘ @ (1) 1 (1) D(logQT)?’.
_T 1+10gy+w

X<Nn<xlozy Nn

Finally, we sum over K € §%(Q) and apply Corollary By the Schmidt bound #3¢(Q) <G|, [*:Q)
QUEH2)/4 and our choices of X and Y, we find that there exists a constant C > 0, depending at
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most on G, such that

. 1_, o
ST Nien(0.T) e me™ (Q)(log QT)H U (v 30X 4 y2(1-0)),
Ke3Z(Q)

which is bounded as desired when o > % For o < %, our results are trivial in view of the generalized
Riemann—von Mangoldt asymptotic for the count of all zeros up to height T (see [30, Theorem 5.8]).

7. PROOFS OF THEOREMS [3.1] AND

We begin by recalling the zero-free region of Lagarias and Odlyzko [33, Section 8]: (x(s) does
not vanish in the region
8
7.1 Re(s) > 1 — :
= )= g (D (m()] + 3T

apart from the possibility of a single real simple zero. Since (i (s)/(xn () is entire, it follows that
Cr(8)/Cxn(s) # 0 in the region , apart from the possibility of a single real simple zero.

We will use Theorem to prove Theorem showing that for all K € 3,?(@) apart from a
small exceptional subset the ratio of Dedekind zeta functions (x(s)/(x~(s) has a much stronger
zero-free region than . In particular, since we may assume that Cs > 6 in Theorem we
may choose € = in Theorem which leads to

5 3Cq[k:Q]
(7.2) Z Nijien (0,T) <61k mkaN(Q)(QTIGI[k:Q])(* 3ol
Keg¢(Q)

Proof of Theorem[3.1. Let 0 < ¢ < 1, and define § := £/(20|G|). For each integer 2 < j <
Q=/(6CclkQ) 4 1, we iteratively apply (7.2) with

)lG‘(l U (Og QT)CG[k@}

26 log @

T=T;=¢ —3, oc=0;:=1— ,
! ! log @ + |G|[k : Q]log(T; + 3)

25 _ 5 £ __e
discarding O|g| r:q],c (M G’N(Q)QQ( 3 3CG[’“=@J)6‘G|+6) exceptions at most Q¢+ times. This dyad-

ically builds a zero-free reglon for all except O\q (k:q),c ( (Q)Q‘E ) of the fields K € §¢ 7 (Q). Thus,
for all except O (k:q) e ( N(Q)Q?) fields K € 39(Q), the ratio Cx (s)/Cxn (s) is holomorphic and
non-vanishing in the reglon
26 log Q@
log @ + |G|[k : Q] log(|Im(s)| +3)’
Since Dg < @, we may replace the above region with the more restrictive region
26 log D
log Dk + |G|[k : Q] log(|Tm(s)| + 3)’

For |Im(s )| > exp(D D/ mCG[k:Q])), we have the zero-free region (7.1). The theorem follows once we

combine ) with . OJ

Proposition 7.1. Let K/k be a Galois extension of number fields. Assume x is a character of
G = Gal(K/k) which is the induction of a non-trivial 1-dimensional cyclic character of a subgroup
of G. Let 0 < e < 1, and let the region Qi () be given by . If Dy is sufficiently large with
respect to [k : Q], |G|, and &, and L(s, x) does not vanish in the region Qi (), then there exists an
effectively computable constant ¢y = c1(|G|, [k : Q],&) > 0 such that

’Z ‘<<\Gl gl rexp(—c1y/logz), x> (log Dg)¥CVe,

Np<z

Re(s) > 1 — IIm(s)| < exp(Q/(6Cclk:Ql)y,

(7.3) Re(s) > 1— IIm(s)| < eXp(Di(/(b’CG[er]))_
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Proof of Theorem assuming Proposition[7.1]. Since we have proved Theorems and it
suffices for us to prove using Proposition Suppose that (x(s)/Cxn(s) is non-vanishing
in the region Qg (¢) and that p is an irreducible Artin representation of K/k whose kernel does not
contain N. Assuming Conjecture there exist rational constants c, (p) such that

Lis,p)=[[ I L(s.IndFx)>®,
HCG xelrr(H)
dimy=1
ker x2HNN
the inner summation running over 1-dimensional characters of subgroups H whose kernel does not
contain H N N. Note that ¢, (p) < 1 for each x. Taking logarithmic derivatives, it follows for all
x > 3 that

(7.4) YoM =" > elp) Y (Indfx)(m)Ar(n),
Nn<z HCG xelrr(H) Nn<z
dimy=1
ker x2HNN
where A (p’/) = log Np and Ay (n) = 0 otherwise. For each y in the righthand sum, Lemma (5.5 im-
plies that L(s, Ind% ) is non-vanishing in Qg (¢). The desired result now follows by Proposition
partial summation, and ([7.4)). ]

To prove Proposition we use the following smooth function to count prime ideals p with
Np < zx.

Lemma 7.2. For all x > 3 and A € (0,1/4), there exists a continuous real-variable function
f(t) = fa,a(t) such that:
— 1
(1) 0< f(t)<1forallteR, and f(t) =1 for s <t <1.
(2) The support of f is contained in the interval [% — &, 1+ loﬁm].
(3) Its Laplace transform F(z) = [, f(t)e™*'dt is entire and is given by

1 A
5+logz)z

Az
P = et (12 a ey
— Az
2log x

(4) Let s =0 +it,0 >0, and t € R. Then

1+379/2 0 4 \2
F(~sloga)| < ¢”*2" min {1 (x=) |
|F'(—slogz)| < e’ 2 min{ 1, S[logz \A

Moreover, 1/2 < F(0) < 3/4 and

x +O<Aﬂs+x1/2>.

(7.5) F(=logz) = Tog e

log
(5) Let s = —1 + it with t € R. Then

5x 14 4N2 o1
— < - .
[F(-sloga)| < 7 (5) (/a+e)
Proof. This lemma and its proof can be found by taking ¢ = 2 in [53, Lemma 2.2]. O

Our next lemma uses the weight function constructed in Lemma [7.2] to establish a preliminary
form of the prime number theorem for L(s, x). Define 6 = ¢/(20|G|). For convenience, we rewrite

the zero-free region (3.5)) as
Qx(e) :={s € C: Re(s) > 1 —wg(|Im(s)| + 3)},
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where for ¢ > 3 we define

2610gDK fl 3 < t < D€/(60g[k:@})
Tog Dre+[%:Q]1 1logo =1t = Ug ;
(7.6) wi(t) = wi(t;e) = { 8 KHCSQ] ost £ logt > DF/6Calk:Q)
log D +|G|[k:Q]log ¢ g K

Lemma 7.3. Recall the notation and hypotheses of Proposition |71l Let wi(t) = wk (t;€) be as in

(7.6), and define

nx(z) = inf(wie(t) log z + log ).

If L(s, x) does not vanish in the region Qg (), then
3/4

logx’

x> max{3, (log Dg)*}.

‘ > X ]<<K@] loga @S log(e D) +
Np<z

Proof. To start, we record a basic observation that will be often used:
(7.7) (K : Q] < log D < x*/4,

The first bound is Minkowski’s inequality; the second bound holds by assumption.
Select the weight function f(-) = f A(-) from Lemma [7.2| for any > 3 and with

A=z V4 min{%, ge MK (@)/4)
A calculation identical to that in [53, Lemma 2.3] shows that

> Akl = 3 A (CE) 4 Oy (Vi + Aa)

Nn<z log

Since x is the induction of a non-trivial 1-dimensional character, L(s, x) is a Hecke L-function and
hence entire. Thus, by Mellin inversion, we have

S Mt

Nn<z
lOgID 24100 L/
- /2 L 0P (stogads + O (Vi + )

21 L

o —5—1t0

logz [~2t' [/
=logz) F(-plogz)+ >~ [ = ——(s,x)F(=sloga)ds + Ore.q)(V + Au),

where p ranges over the nontrivial zeros of L(s,x). The standard bound
/

L
(5,0 gy og(Die([Tm(s)] +3)), Re(s) =
and the lower bound A > 2~1/4 imply via Lemma m(5 that
ZAk longF —plog z) + Ox.q)(Vr + Ax).
p

1
2

By Lemma[7.2(4), we have
log x Z (—plogz) < logx Z a4 <[K:Q T 24 (log ) log Dy <[rq) Ve log
lpl<1/4 lp|<1/4

by (7.7). For the zeros p = 8 + iy of L(s,x) with |p| > 1/4, observe that our assumed zero-free
region for L(s, x) implies that
{L'f(l*ﬁ)

2 — (=B logatlog(h|+3)) < k(@)
([ +3)
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by definition of nx. Hence Lemma (4) and our choice of A yields the estimate
z? A2 e (2)/2

logz)|F(—plogz)| < . < pe (@) 2
(log2)|F(=plog )| < gy - (T3 CEEE

for |p| > 1/4. Thus, summing over all zeros p of L(s, ), it follows that

long]F —plog )| < (k.q) Te WK(UC)/QZW—i-\/Elogx.
p

Since L(s,x) is a Hecke L-function with C(x) <[k.q] Dk, it follows by standard estimates for it
zeros [53, Lemma 2.5] and (7.7)) that the above expression is

log D + log(T
<[reg) we /QZ > o8 Drc + 18T +3) | /zloga

2
T=1 T—1<[Im(p)|<T T
<[K.q T€ “x@)/2og(eDic) 4 vz log z.
By our choice of A and (| ﬁ this implies that
(7.8) ‘ Z Ag(n ‘ <[K:q T€ —nx@)/4og(eDpc) 4 /4.

Nn<z

The contribution from the prime powers and ramified primes is O(y/z + log(eD)), so by partial
summation [53, Lemma 2.1 and Equation 5.3], it follows that

‘ Z sup (e7"KW/ M) log(eDg) +
Np<z 8T Jr<y<z

3/4

(eDK).

From the definition of 7, one can see that 1y (y) is an increasing function of y and also nx (z/?) >
%nK(a:). Hence, as log D < z/*, we conclude the desired result. O

Lemma 7.4. Recall the notation and hypotheses of Proposition [7.1. There exist effectively com-
putable constants c; = ¢1(|G|, [k : Q],&) > 0 and ci2 = c12(|G|, [k : Q],€) > 0 such that if Dk > c12
is sufficiently large with respect to |G|, [k : Q], and &, and = > (log D )*"EVe then

1 D
Ogl(()eg;()emr\r(ffﬂ)/8 <G[0 €XP(—c1 Vlogz).

Proof. For notational compactness, we introduce gy = €/(6Cg[k : Q]). By the definition of nx(x)
and ((7.6)), we have that

) ) e(log Dg) log cglogx
> f nf .
i () = min { 0<us D (10\Gy(1og Drc +[k:Qu) “)’umeo <log Dr + |Gk Qlu T “>}
Define
e(log Di ) log x cglogx
br(u,a) = UBDINBT 818

10[G](log D + [k : QJa) log Drc +|G1l - Qlu
Notice that the global infimum of ¢;(u,x) over u € (—(log Dk)/[k : Q], 00) is at
" elog Dk log z — log Dg
FVoGlk: k:Ql

Thus, the value of u € [0, D}?] at which ¢ (u, ) attains its infimum lies in {0, u1, D32} N [0, D3]
Observe that uq > 0 if and only if z > D(lo‘Gl)/(E[k Q) , in which case ¢1(u1,z) < ¢1(D32, x) because
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u1 is the global minimum. For this range of x, we compute
b1 (ur, 7) = 2¢log D log z — log D S elog D log z
e 5/GI[k: Q) k] =\ 10iGlkQ
We also compute that ¢1(0,x) > ¢1(D®°, z) if and only if

101G 10/G|DSY
k:
x> D e =

a range in which we already established that u; > 0. Therefore, since ¢1(0,z) = ﬁlog x, we

conclude that

. . € elog Dg
£ ) > —° _logz, | —BZK 1oeg).
ey $1(1:2) > min { T oo \/ oG @ )

Next, notice that the global minimum of ¢o(u, z) over u € (—(log D )/[k : Q], 00) is at

o — cglogx B log Dg
NGk Q Gk Q

Thus, ¢2(u,x) attains its infimum over u > D3 at v = max{D}2, uz}. It follows from a straight-
forward calculation that

. cglogx -
inf U, x) > 4| = + D32.
ey 200 0) 2 [ PR
We conclude from the analysis for u < D3 and u > D3 that if Dg > ci2, then
10g(eDk) —nyc(a)/s
log
log(eDy) ( 1 . {5logfn elog D cglogw .
< losleDr) (1 | g | SE1BE L pat)
= Tloge CPUTR™™M Coigr\ 10jak @] BT\ @k q T UK
The desired result follows once we ensure that z > (log DK)81|G|/ €. ]

Proof of Proposition[7.1. This follows from Lemmas and [7.4 with the same constant ;. O

8. APPLICATION TO PRIME DEGREE EXTENSIONS

In this section, we show how our results apply to the family of prime degree p extensions of a
number field k. The normal closures K/k of such fields have Galois groups G that are transitive
subgroups of the symmetric group S,. The properties of such groups are well understood. For
example, they must be primitive permutation groups, and are thus subject to many of the results
in Dixon and Mortimer [I4]. More than this, such groups are classified; see Lemma below.
However, as the properties of such groups are of vital importance to many of our applications, we
begin by providing a succinct but complete proof of the classical fact that such groups always have
a unique minimal normal subgroup, and that the fixed field KV of this normal subgroup is linearly
disjoint from the degree p extension that we started with.

Lemma 8.1. If G C S, is a transitive subgroup, then G has a unique minimal nontrivial normal
subgroup N. Also, if H C G is the stabilizer of a point, then [H : HN N| =[G : N].

Proof. Since G is a transitive group of prime degree, it is primitive. Consequently, any nontrivial
normal subgroup acts transitively, and thus has an element of order p. If G had two minimal normal
subgroups, say N1 and N, then N7 and No commute, since any commutator lies in the intersection
N1N Ny, which is trivial since N7 and Ny are minimal. It follows that G would then have a subgroup
isomorphic to Ny x Ny, which has order divisible by p?. Since the order of G divides p!, which
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is not divisible by p?, this cannot happen, so G must have a unique minimal normal subgroup,
N. Finally, since N is nontrivial, it acts transitively, so by the orbit-stabilizer theorem, we find
[N: HNN] =p =[G : H]. We conclude that [H : HNN] =[G : HN N]/p = [G : NJ, as
desired. 0

Let PSL(n, q) and PT'L(n, q) denote the projective special linear and projective semilinear groups
of rank n over the finite field Fy, respectively, and write M1, and Ms3 for the Mathieu groups of
rank 11 and rank 23. The transitive subgroups of S, and their unique minimal normal nontrivial
subgroups are classified as follows.

Lemma 8.2. Let p be a prime, let G C S, be transitive, and let N IG denote its unique minimal
normal subgroup. Then G, N, and p satisfy one of the following:

(a) N=Z/pZ, G ~7/pZ x H for some H C Aut(Z/pZ);
(b) N=G=A4, or N=A, and G = Sp;

(c

(d

)
) p=11, N=G =PSL(2,11) or N =G = M;;
) p=23, N =G = Mys; or
(e) there is some integer n > 2 and prime power q for which N = PSL(n,q), N C G C
Proof. This follows from the classification of finite simple groups. See [26], Corollary 4.2]. U

As a consequence of Lemma [8.2] we obtain the following.

Lemma 8.3. Let p be a prime, let G be a transitive subgroup of Sy, and let N I G be its unique
minimal normal subgroup. Then either G is solvable or the index of N in G is a prime power. In

particular, Hypothesis|[T(G, N)| holds.

Proof. In the first case of Lemmal[8.2] the group G is monomial since every irreducible representation
is either 1-dimensional or induced from the normal subgroup Z/pZ. For cases (b)-(d), the index of
N is either 1 or 2.

For case (e), write ¢ = ¢ for some prime ¢ and integer m > 1. Then p = ({™ —1)/({™ — 1),
an expression that may be factored in terms of cyclotomic polynomials. An elementary argument
then shows that for (/™" —1)/({™ — 1) to be prime, n must be prime and m must be a power of
n. Next, since (¢" — 1)/(q¢ — 1) is a prime, it must be the case that ged(n,q — 1) = 1. It follows
that PSL(n,q) and PGL(n, q) coincide, and thus the quotient PT'L(n, q)/PSL(n,q) is isomorphic
to Gal(F,/F¢) ~ Z/mZ. Since m is a power of the prime n, we conclude that N must have prime
power index in G. U

We next prove Corollary

Proof of Corollary[3.8. Let G C S, be transitive. It follows by Lemma [8.1] that G admits a unique
minimal nontrivial subgroup N. Appealing to Theoremw we find that for all except Oq (k:0,c(Q°)
fields K € §¢(Q) that (x(s)/Cxn(s) is non-vanishing in the region Q(¢). For all K outside the
exceptional set, by Lemma and Theorem it follows that L(s,p) is holomorphic and non-
vanishing in Qg (g) for each nontrivial irreducible Artin representation of K/k whose kernel does
not contain N. (Such representations are in fact precisely the faithful representations of G, since
N is minimal, but we do not need this.)

Let now F'/k be a degree p extension whose normal closure is K. Lemma implies that
FNKYN =k, since F corresponds to one of the conjugate stabilizer subgroups of G. This implies
that (p(s)/Ck(s) may be decomposed as a product of irreducible Artin L-functions whose kernels
do not contain N, since for example (i~ (s) may be decomposed exactly as the product over the
unfaithful representations of G. Thus, (r(s)/(x(s) is holomorphic and non-vanishing in Qg (¢).
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We prove the corollary for the family .#] by considering each of the finitely many transitive

subgroups G C S, in turn. For the family 35: Sn with n > 2, it follows as above from Theorem.
by taking G = S,, and N to be the unique minimal nontr1v1al normal subgroup of G. (]

9. AN EFFECTIVE CHEBOTAREV DENSITY THEOREM FOR FIBERS
In this section, we prove Theorem [3.10

Proof of Theorem [3.10, We begin by outlining our strategy in broad terms since the ultimate proof
will be almost immediate once set up. Let K/k be a normal extension with Galois group G. For
any x, let IIx () be the class function on G defined by

=Y |Cl|7Tc(33; K/k)le,
C

where the summation runs over the conjugacy classes C of G and 1¢ denotes the indicator function
of the class C. Because it is a class function, IIx () may be decomposed in terms of the irreducible
characters of G, namely

(9.1) i (x) = > (Mx(z), Xp)Xps
pelrr(G)
where Irr(G) denotes the set of irreducible complex representations of G. Since (Ilx(z), 1g) is the
average value of Ilx (z) across G, we find
1
(x(2), 1a) = =7 (@),
1G]

where 7" (x) denotes the number of primes of k£ with bounded norm that are unramified in K/k. In
particular, the usual Chebotarev density theorem follows if (Il (x), x,) is small for each nontrivial
irreducible p, since then the difference between Ik (z) and (Ilx (), 1¢)1¢ would be small by (9.1)).

More generally, let N < G be a normal subgroup. Then we may regard the analogous class
function I~ (z) of G/N as a class function on G, and we find

. 1
Projr.a/mIlk () = WHKN (z),
where Projz.q/n)lk () denotes the orthogonal projection of Il (x) onto Re(G/N), the space of
class functions on G/N. Theorem is true if and only if Il (z) is “close” to i N‘H v (z). Since
Rc(G/N) is spanned by the irreducible characters that factor through G/N, we find

Ik (z) = Projra/mUk (z) = Z (i (@), Xp) Xp-

pelrr(G)
NZker p

Thus, to prove Theorem our goal is to show that (IIx(x), x,) is small for each p whose kernel
does not contain N. In fact, we find

(g (x), xp) = (lx(z) @l Z Xp(p

Np<z
Thus, Theorem (3.9 may be used directly to control the inner product (Ilx(x), x,). Theorem
follows. O

10. APPLICATIONS TO CLASS GROUPS

In this section, we prove Theorem on the /-torsion subgroups of class groups, and we prove
Theorem 2.1 on the extremal order of class numbers.
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10.1. Bounds on /-torsion subgroups. We begin by recalling the key lemma of [25].

Lemma 10.1 (Ellenberg—Venkatesh). Suppose that F/k is a degree d extension of number ﬁelds

and let £ > 2. Suppose that B, ..., By are prime ideals of F' with norm at most Dl/(% (d-1)) for

some & > 0 and that are not extensions of prime ideals from any proper subfield of F/k Then
ICUF)[l]] <hee DY2TE/M.

Proof of Theorem[2.4. Let n > 2 be an integer, Q@ > 1, and F € ﬁg’s”(Q). For a number field L,
let 77, (w) be the prime ideal counting function for L. Apart from at most Oy, 1.q)-(Q°) such fields

F, it follows from (3.11)) in Corollary 3.8 that if x > (log Dp)81)?/e we have
mp(e) = m@) + D Xor(p) = mk(@) + Opjrge (@ exp(—co\/log z).

Ny jop<z

The contribution from the prime ideals of F' of degree larger than two is <, 1/, so this is absorbed
by the error term. Since there exist effectively computable constants c¢13 = ¢13(k) > 0 and c¢14 =
c14(k) > 0 such that 7p(z) > ci3x/logx for all > cy4, it follows that for all fixed § > 0, there
exists an eﬁectively computable constant ci;5 = c15(n,k,d,e) > 0 such that there are at least

c1 Dl/(%(n - /log Dpr degree one prime ideals with norm at most Dl/(%(n_l))_(s. The result
then follows from Lemma [10.1] since degree 1 primes are necessarily not the extension of a prime
ideal in a proper subfield of F'. For a prime p, the same conclusion holds for all except Op,[k:Q],a(QE )
fields F' € .Z](Q) by appealing to (3.12) in Corollary O

10.2. The extremal order of class numbers. We turn now to the proof of Theorem 2.1} Thus,
let 1 and r9 be non-negative integers with n := r; 4+ 2ry at least 2. We wish to construct degree
n Sp-extensions F'/Q of signature (rq,r3) with large class number. Our approach is inspired by
the conditional work of Duke [I7] in the totally real case, 7o = 0. In particular, Duke considered
a slight modification of a family of polynomials first considered by Ankeny, Brauer, and Chowla
[3] for which there is an explicit full-rank subgroup of the units of the resulting fields. Building on
this, let a1,...,ar, and by 41, bryfrgs Cry1y - - -, Cry 4+, DE integers with each bJQ- —4¢; < 0 such
that the polynomial

T1 r1+r2
(10.1) g(x) = H(x —a;) H (z? + bjz + ;)
i=1 j=ri+1

has only simple roots, the derivative ¢’(x) also only has simple roots f31, ..., Bn—1, and g(8;) # g(5;)
for ¢ # j. That such integers exist follows, for example, by noting that these conditions are generic
for real coefficients, that they may therefore be satisfied for rational coefficients by continuity, and
then for integral coefficients by rescaling. Now, consider a polynomial f(¢,z) over Q(t) defined by

1 r1+72
(10.2) fltx) =trgla/t) —t =] [(x—ait) [] (*+bjtw+c;t*) —t.
=1 Jj=r1+1

The key properties of the polynomial f(¢,x) we shall need are the following.

Lemma 10.2. Let g(x) and f(t,x) be as defined above. Then:

(i) The polynomial f(t,x) is irreducible and has Galois group S, over Q(t).

(ii) When 1 € Z is squarefree and sufficiently large, the polynomial f(7,x) is irreducible and the
field F = Q(x)/ f(7,x) has signature (ri,72), is totally ramified at primes p | 7, and has reg-
ulator satisfying Regp =, (log D)™ 21 if Gal(F/Q) ~ S,, and Regp <, (log Dp)1+r2=1
i general.
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Proof. We provide a complete proof since our family is slightly more general than his, but all of
the essential ideas are due to Duke [17].

When 7 # +1 is squarefree, the polynomial f(7,z) is Eisenstein and thus irreducible. Thus,
f(t,x) must be irreducible over Q(¢). To compute its Galois group, we follow Duke [I7] and note
that the splitting field of f(¢,2) over Q(t) is the same as that of t"f(1/t,x/t) = g(z) — t"~!. By
the monodromy computation of [I7, Lemma 1], it follows that the Galois group is generated by
transpositions and is thus equal to S,,.

For (ii), the claim about irreducibility and ramification follows from the previous observation
that f(7,x) is Eisenstein. For the claim about the signature of F', we note that as 7 — oo, the
roots of f(7,z7) approach those of g(z), which was constructed to have signature (ri,72). The
polynomial g(x) has simple roots, and as complex roots come in conjugate pairs, it follows that for
sufficiently large 7, f(7, ), and therefore F', must have signature (r1,72) as well. It also follows
that to each root of g(z) we may associate an embedding of F. Explicitly, if we write F' = Q(¢)
with £ an arbitrary root of f(7,x), then for j < ri, we associate the embedding o;: F' — R given
by assigning £ the value of the root approximating 7a;, and for r; +1 < j <7 + rg, we associate
the embedding o;: F — C such that o;(£)/7 approximates a root of 2* + b;z + ¢;. For each o, let
7; denote the associated root of g(x). Additionally, to each o;, we attach the usual absolute value
|- |j: F — Rxq given by |a|; = |oj(a)] if o is real and |a|; = |o;(a)|? if o} is complex.

We now construct units €1,...,&p, 45, in F as follows. For i < rq, define ¢; = 7(§ — a;7)™", and
for r1 +1 < i <7y + 1o, define g; = 72(€2 + b;7€ + ¢;72)~". Then
14712

H g =1"(f(r,§) +17) " =1
i=1

We also find that, in the ring Op/(7), we have
—ar)"=¢&"=f(1,§) =0
and, using this, that (£2 + b;7¢ + ¢;72)" = 0 (mod 72). Tt follows that each ;' is integral and a
unit, so each ¢; € (’);. We next find if ¢ < r; and j # ¢ that as 7 — oo, then
Ty =l i<
leili ~ 9 aconl L —on ,
T i — vl ™" frm+1<j<r+mr,
while if 11 +1 <7 <r; 4179 and j # 4, then
|€'|' ~ 7_2_271‘(7]_71)(7]_'71”_”7 lf] Srla
T — _ _ . .
Tty =) (= AT i+ 1< <.

It then follows, using either the product formula or the relation €; ...&p 4y, = 1, that

2 n
r(n=1) ‘Res (x — a;, 9(z) ) , if 1 <y,
xr — a;
|Ji(5i)| ~ g(l‘) n
72(”*1>(”*2>’Res<x2 + bz + ¢, 7)) ,ifr 41 <i <74,
x? + blI + ¢

where Res(-,-) denotes the polynomial resultant. It follows that for 7 sufficiently large, the (r1 +
?”2) X (7’1 + T’Q) matrix
log |51|1 log |51|r1+r2

logler+rylt -0 logler rylrytrs
has positive diagonal entries, negative off-diagonal entries, and rows that sum to 0. It then follows
by a lemma of Minkowski [3§] that any principal (r; + 72 — 1) x (r; + r2 — 1) minor has positive
determinant. Thus, any r1 +r2 — 1 of the units €y, ..., &, 4+, are multiplicatively independent, thus
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forming a full-rank subgroup of O3, and it follows from the above that Regp <, (log 7)1 *2~! <,
(log D)™ 177271 the latter inequality holding because F is totally ramified at each prime dividing
7. The corresponding asymptotic lower bound follows from work of Remak [45] (see also [49]). O

By comparison with the cited work of Remak [45], Lemma constructs fields whose regulators
are essentially as small as possible. To show that such fields often have class number as large as
possible, we will show that the residue of the associated Dedekind zeta function Ress—1(r(s) can
be as large as conjecturally possible. The key is to show that in many cases this residue may be
approximated by a short Euler product. We will do so in more generality. Recall that the family
Skg is the set of normal extensions K/k with Galois group isomorphic to G. We show for the Artin
representations p of K € S’kG considered in Theorem that the value L(1, p) may be approximated
by a short Euler product.

Proposition 10.3. Suppose for some K € S,?, with Dy sufficiently large with respect to |G|,
[k :Q], and €, that (x(s)/Cxn(8) is non-vanishing in the region Qx(g) for some normal subgroup
N < G for which Hypothesz's holds. Let € > 0. For any Artin L-function L(s, p) that does
not factor through K, there holds for any x > (log DK)81|GV5,

L(1,p) = (1 +O|G‘7[k:(@]7s(exp( loga; ) H Ly(1,p),
Np<z
where Ly(s, p) denotes the Euler factor of L(s, p) at the prime p. In particular, if A > 0, then
L(1, p) <), [k:Q],Ae H Ly(1, p).
Np<(log Dk )4

Proof. Write

Ap(n)
log L =: L
oeLionn) = 3500
where A,(n) is supported on prime powers and A,(p) = x,(p).
We first claim that this series converges at s = 1. Indeed, by (3.10]) in Theorem and partial
summation, we have

X{i](;) <|a),k:q),e exp(—c1y/log )

Np>zx

81|G|/e

for any = > (log D) , and we trivially bound the contribution from prime powers by

A (Pj) 1 —~1/2
> Npi <l > Ny il T 2.

Npi >z NpI >z
Jj>2 Jj=2

Thus, the series defining log L(s, p) converges at s = 1. It follows that it converges uniformly in
sectors to the right of s = 1, and that it converges to log L(1, p), where L(1, p) is defined via the
standard Dirichlet series. Moreover, the above argument also shows that

log L(1, p) Z log Ly (1, p) + O(exp(—c1y/logx)).
Np<zx
The first claim follows upon exponentiating. For the second claim, we apply Mertens’s theorem to

trivially bound the contribution from the range (log DK)A < Np < (log DK)SHGVE. O

We next show for families of fields obtained by specializing extensions of Q(¢) that it is possible
to choose the values of Ly(1, p) at small primes to be as large as possible. See also [17, Proposition
3] and [48].
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Lemma 10.4. Let f(t,z) € Q[x,t] be irreducible over Q(t). There exists a constant ¢ = ci6(f) >
0 such that for every prime p > ci6, there exists t, € Z such that the polynomial f(t,,z) (mod p)
splits completely.

Proof. As the polynomial f(¢,x) is irreducible over Q(t), it defines a separable extension of Q(t).
The normal closure of this extension must also be separable, and is hence cut out by an irreducible
polynomial g(t,z). As g(t,z) is irreducible, the curve g(t,z) = 0 (mod p) over F, is non-singular
for all but finitely many primes p. Moreover, the Weil bound implies that there is a point (¢, z;)
on this curve for every sufficiently large p. As g(¢,x) defines a normal extension of Q(t), it follows
that g(t,,z) splits completely modulo p, and hence that f(¢,,z) splits completely as well. O

We are now ready to prove Theorem We do so in the following slightly stronger form. For
any possible signature (r1,72), we set n = 11 + 2r9 and let

FEHQ) = {F € 5 (Q): sgn(F) = (r1,m2)},
where F/Q denotes the normal closure of F/Q.

Theorem 10.5. Let 11,79 > 0 be integers with n =11 + 2ry > 2. Let 0 < e < 1/(n!(n? —n)) and
let 0 < n < 1/(n? —n). There exists a constant Cnne > 0 such that if Q is sufficiently large in

A
terms of n, n, and €, then for at least ¢y Qn*—n " fields F € 9’&”2(@), we have

D;ﬂ(log log D)1
|CU(F)| =n.e
“ (log Dp)ritra—1
and Ci(s)/Cpn (8) is mon-vanishing in Qx(e), where N is the unique minimal nontrivial normal
subgroup of Sy,.

Proof. Let (r1,72) be a possible signature and consider the polynomial f(¢,z) defined by (10.2).
Let T be sufficiently large in terms of n. By Lemma there is a constant ¢ such that for every
prime p between ¢ and (log T)/2, there is a congruence class ¢, (mod p) for which f(t,,z) splits
completely (mod p). Define a congruence class a (mod M) by

M = H D, a=t, (modp)forallc<p< (log T')'/2.
c<p<(log T)1/2
Note that M = exp(O(y/logT)) by the prime number theorem.
Consider squarefree 7 < T' for which 7 = a (mod M). A quantitative version of the Hilbert irre-

ducibility theorem due to Cohen [I1] shows that for at most O(T""/?1log T') values 7 the polynomial
f(7,2) does not cut out an S,-extension of Q. Additionally, by Lemma [10.2] if f(7,z) cuts out a

field F, then necessarily 7|Dp. Since Dp = O,(T™ ™), it follows for any > 0 that altogether
there are >, , T1-7 distinct degree n Sp-extensions with signature (r1,r2) produced in this way.

Let F/Q be such an extension and let F denote its normal closure over Q. Since D 7 < DV <,

T(*=n) it follows from Theorem that for any ¢ < 1/(n!(n? —n)) all but Omg(TE"!("Q*")) of
the fields F' are such that (z(s)/(zn (s) is non-vanishing in the region Qz(g). For any such F, we
find by Proposition that

Ress=1Cr(s) <n.e H Ly(1, pr) <pe (loglog T)" ! =<, . (loglog Dp)"!
p<(log T)'/?

by our choice of the congruence class a (mod M). Using the estimate for the regulator provided
by Lemma we conclude by the analytic class number formula that

D}/*(loglog D)™~

‘CI(F) =ne (log DF)T'1+T‘2—1
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The result follows once we choose @) = ¢T™* =" for a suitable constant ¢ depending on n. O

While the family of polynomials (10.2)) provides a self-contained exposition, it is possible to
obtain the conclusion of Theorem for a larger set of fields by using different families while
simultaneously imposing certain other constraints. For example, by working instead with a family

of polynomials considered by Bilu and Luca [5], we obtain the following result for the family ﬁ(g 0,

Theorem 10.6. Let n > 2 and ¢,y > 2 be integers. Let 0 < e < 1/(2lnl(n — 1)) and 0 < n <
1/(2¢p(n —1)). There are positive constants c17 and c13 (depending at most on n, ¢, ly, €, and n)

such that if Q > cy17, then at least cng”(" 07" fields F € ﬁnO(Q) have the following properties:
(i) Cz(s)/Can(s) # 0 in Qz(e), where N is the unique minimal normal subgroup of Sp;

(i) CUF)]| <oz Dy (108 108 D) /(log D)™
(iii) CI(F') contains an element of exact order ¢; and
v)

%*ﬁ+ﬁ
(iv) |CL(F)[bo]| <nboem Dp " :

Proof. Bilu and Luca consider the family of polynomials

¢
felt,z) =(z —a1)...(z — an_l)(x — (—1)”_1A> -1,
aj...anp—-1
and show for any ¢ that there exist integers a1, ..., an—1 such that all but Oy, o(T 1/210g T) integers
[t| < T subject to a fixed congruence condition cut out an extension F' € %, o(cT?"~2) with a point
of order / in the associated class group, and that any given field arises for at most n(n — 1)(n — 2)
values t. Additionally, they also show for such values of ¢ that the regulator Regy of the associated
field F satisfies Regp <, (log Dp)"~!. Appealing to Theorem Proposition and Lemma
as in the proof of Theorem along with Theorem for (iv), the result follows. O

11. APPLICATIONS TO SUBCONVEXITY AND PERIODIC TORUS ORBITS

11.1. Subconvexity. We begin with an bound for L(1 +it, p) depending only on C(p, t) (see (£.3))
and the number N,(o,T’) of zeros 8 + iy of L(s, p) such that § > o and |y| < T.

Lemma 11.1. Let p be an n-dimensional Artin representation defined over a field k. Suppose that

L(s,p) has a pole of order 0 <r <n at s =1 and that (s — 1)"L(s, p) is entire. If 0 < A < 3 and
t € R, then

log [L(} + it p>\<(}l 55 ) Toa(Clp) (1] + 1))

1 A " A
< (3= 705) 08(CO) (] + 1)) 4+ Ny (1= A, [t +6) + Oy (1)
Proof. Viewing L(s, p) as a degree nlk : Q] L-function over Q, our hypotheses imply that L(s, p) is

an L-function in the class S(n[k : Q]) defined by Soundararajan and Thorner in [50, Section 1]. As
such, it follows from [50, Theorem 1.1] that

tog (4. 0)| < (5 - 1§9)1ogc<> N1 = 8,6) + 21og | (3, )| + O((nlk  ©))),

where C(p) is defined in . Following an observation of Heath-Brown in [28], we have for any
t € R the bound

1 A
log [L(} + it p)| < (4 <55 108 Clp,1) + 210g [L(§ + it, p)| + O((nlk : Q)?)

+1707#{B+V7ﬁ21_A) |’V—t| §6) L(ﬁ—f—z%p):()},
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where C(p,t) is defined in (4.3]). Since | ,(p)| < 1 uniformly, we have that
2log|L(3 +it, p)| + O((nlk : Q))*) < rey 1.

Moreover, we have the crude bound #{f +iv: 8 > 1 — A, |y —t| < 6, L(B + iv,p) = 0} <
N,(1 — A,|t| +6). The result now follows from (4.4). O

Proof of Theorem[2.4. We will prove the result for F € 9}: (Q), where p is prime. For integers

n > 2, the corresponding proof for F € Z" »Sn (Q) is essentially identical. In what follows, let
G C S, be a transitive subgroup, and let N < G be its unique minimal nontrivial normal subgroup.

Let 0 < e < 1, and let § = ¢/(20|G|). Let K € §¢ with Dy sufficiently large with respect
to |G|, [k : Q], and e. By Lemma [5.2] the Artin L-function ((s)/Cgn (s) is holomorphic and the
corresponding Artin representation ¢ i has dimension d = |G|—|G/N|. Assume that (x(s)/Cxn(5)
is non-vanishing in the region Qg (e). When Dy is sufficiently large with respect to |G|, [k : Q],
and e, the region Qg (e) contains the rectangle

[1—6,1] x [-DYCIEQ) _ g plAGIkQD) | g

It follows that Ny /g~ (19, D}(/(lGHk:@D%—(S) = 0. As the analytic conductor satisfies C(¢ k) <|q| k:q]
Dy, Lemma implies that if |t| < D}(/(lGHk:QD, then

k(5 +it)
K +t)’§(1 1)

— Dk d[k:Q]
1 log (=——(1+t Ocl w0 (1).
Cren (3 + it ) o (DKN( +1E)H ) + O gy (1)

1
& 1710

For |t| > D%(‘Gl[k@}), we appeal to the fact that neither (x(s) nor (i~ (s) vanishes on the line
Re(s) = 1. The same must hold for (x(s)/Cxn(s). We may therefore apply Lemma with

A = 0 so that if |t| > Dl/(‘GHk:QD, then

CK( + it) K Q)
m 41 (DKN(1+|t|) )+0\G|,[k:@1(1)

1 d Dy J
< (7~ 1g9) e p oy +elk: Q)( + 109 ) 1081 + #)) + Ojc (1),
Combining bounds for both ranges and noting d < |G| — 1, we conclude for all t € R that

Cre (4 +it) Dk \ izt (L)
RSV RN K 14+ tNHVT =l
CKN( + it) ‘ Gkl <DKN> i

log

By Lemmall1.1{with A = 0, we have |(gn (5+it)| <|g),kq] D (1+\t!)‘G/N|[k QAATE Cen (B +it) =
0, then so does (x (3 + it), so we may assume that (g (3 + it) # 0. Since N is nontrivial and
Dgn < D%' l, we conclude that

1_ € € 1_ €
ICK(%+z't)| <@ [k0) D;( 2'1010‘G‘D12<'}310‘G' (1+ |t|)2\G|[k:Q] <Gk D;( 44‘010\(;\(14_ ’t’)QlG\[k:Q]'
The desired result now follows.
Let F € Z#F(Q) be a subfield of K/k, in which case F N K = k. We have the factorization
(s—1)Cp(s) = (SE)((s—1)¢k(s)). The function (s — 1)¢x(s) is entire, and the ratio (g (s)/Cu(s) is

Gr(s)
holomorphic in the region Qx(¢) by Corollary Consequently, the righthand side is a product

of two functions which are holomorphic in Qg (¢), and we have the bound
#HB+iy: 821-96, [y =t <6, (r(B+iv) =0}
SHB+iv: BZ1-0, |y =1 <6, (p(B+i7)/C(B+i7) =0}
+#{B+iv: B=1-6, [y -1 <6, G(B+iv) =0}
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By Lemma with A = 9, we deduce that if |¢| < D}(/(lal[k@]), then

) 1 ) .
log !CF(% +it)] < <Z — @) log(Dp(1 + |t|)[F-@})

0
+1707#{5+17 B >1-49, h/_t’ <6, CF(/8+17) :0}+O[FQ](1)

< (3~ 1og) tox(Dr(1 + 1))
b B 8210 =1 6, G(B+ i) = 0} + Opegy (1),
By [30), Proposition 5.7], we find that
0B +i7: 821 =0, [y =1 <6, G(B+i) = 0} < |G| elog(De(1 + |t]) ),
hence
Cr(5 + it)| <61 k0 Dg(ﬁ)Dé_Q'mfolG‘ (1+ W)O(H%)-
This proves the desired result for (p(3 +it) when [t| < D%[k@]. By arguing as we did for (x (3 +it)

when |t] > D%WQ] using the convexity bound (which follows from Lemma with A = 0), we
arrive at the desired result for all ¢. O

11.2. Equidistribution of periodic torus orbits. As indicated in [22], Section 1.6.3], the equidis-
tribution statement of Theorem [2.3] follows once a suitable subconvexity bound is known. We
elaborate slightly on their general setup, with notation consistent with this paper rather than [22],
before specializing to the case of interest to us.

Thus, let & be a number field and let S be a finite set of places of k containing all archimedean
places and such that the finite primes in S generate the class group of k. Let kg := [[,cq kv
and let O g denote the S-integers of k, i.e. the elements of k that are integral away from primes
in S. To show that torus orbits inside PGL,(Oj s)\PGL,(kg) associated to orders O in degree
p extensions F'/k become equidistributed, Einsiedler, Lindenstrauss, Michel, and Venkatesh prove
two key lemmas, namely [22, Lemmas 13.3 and 13.4], both relying on a subconvexity hypothesis
stated formally as [22, Equation (71)]. This subconvexity hypothesis is that for any Hecke character
x of k ramified only at primes in S, there are constants A and § > 0 depending at most on k£ and
p such that for any t,

1_s
(11.1) L(} +it, IndZ* 1 ® x) <(pag) (ay - (1 + )DL,

where ¢, is the conductor of the L-function L(s, x) and Indgfw 1 denotes the induction of the trivial
character of the absolute Galois group G g to the absolute Galois group Gy of k. In other words,
the L-function L(s, Indg’; 1® ) is the twist of the Dedekind zeta function of F' by the character x.

This general statement appears to be outside the scope of our methods, but in the special case
that £k = Q and S consists only of the infinite place, reduces to requiring

1_
(11.2) Cp(5 +it) g (1+ ) Df ",

This is provided by Theorem and Lemma by the assumptions of Theorem [2.3] Thus, for
orders O inside fields for which holds, both Lemmas 13.3 and 13.4 of [22] hold. Lemma
13.4 is used to control the “escape of mass” of the measure po associated to O, and in particular
it follows that any weak-* limit of the measures po for orders considered in Theorem must
be a probability measure. Lemma 13.3 is used to show that any weak-* limit is such that almost
every ergodic component has positive entropy with respect to the action of a regular element in
H,. (See also [2I, Theorem 1.9] for a weaker but more general statement.) By a measure rigidity
theorem of Einsiedler, Katok, and Lindenstrauss [20] (also restated as [22 Theorem 2.5]), any
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ergodic Hp-invariant measure on PGL,(Z)\PGL,(R) with positive entropy must be Haar measure.
Thus, any weak-* limit of the puo has almost every ergodic component given by Haar measure on
PGL,(Z)\PGL,(R), and equidistribution follows.

12. HEURISTICS FOR THE INTERSECTION MULTIPLICITY

While our work is strongest for groups G that have a unique minimal normal subgroup, our
results may apply in other situations as well, provided that there is sufficient control over the
intersection multiplicity mkG’N(Q). We therefore find it worthwhile to record a conjecture for how
mg’N(Q) should grow; by taking N = G, this will also describe how the intersection multiplicity
mg(Q) that was relevant in the previous works [44], [52] (either implicitly or explicitly) should grow.
We work in somewhat more generality.

Fix a transitive and faithful permutation representation w: G — §,, with n > 2. Given a
field K € S,?, such permutation representations correspond to subextensions of K whose normal
closure over k is K by taking the fixed field of a stabilizer subgroup. Let K™ denote the associated

subextension, so for example K™ = K when 7 is the regular representation. Define

5.7(Q) = {K € ¢ : D < Q).
Malle’s conjecture [36] predicts that

1 - 1 e
(12.1) Q7@ <o #FT(Q) e Qor@
where ar(G) := min{n — #O0rb,(g) : g # id} and Orb,(g) denotes the set of orbits of the action of

m(g) on the set {1,...,n}.
Now, for a normal subgroup N < G, generalizing (3.4)), define

Q)= max K2 € 5@ KinKa # K N EG))

1€5,

Thus, mkG’N’W(Q) measures how often two fields K, Ko € SS’W(Q) have an intersection outside their
associated subfields fixed by N. In order for such an intersection to occur, there must exist normal
subgroups N1, No <G not containing N, possibly equal to each other, for which K fV =K év 2, Thus,

mkG’N’W(Q) will be bounded above by
> max#{K € §7(Q): KV = F},

N'<G

NZN'
where the summation runs over the normal subgroups N’ <G not containing N and the maximum
runs over all extensions F'/k inside the fixed choice of k. Notice that if p is a tamely ramified prime
in K/k, then p is unramified in KV " precisely when the inertia subgroup at p is contained in N'.
Motivated by the heuristic reasoning behind Malle’s conjecture, set

a-(G,N') ;= min{n — #O0rb,(g) : g € N', g # id}.
If F =K for some K € &kG’W(Q), we then expect

% G N’ %_&_E
QN pag #{K €§,"(Q): K" =F} <pge Qon@N) T,

Consequently, define
mx(G, N) := max a,(G,N')~!
N'<G
NZN'
if there is at least one nontrivial such N, and define m, (G, N) = 0 if there is no such N’ (as is the
case if either N is the unique minimal normal subgroup of G, or if N = G and G is simple). We

then conjecture:
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Conjecture 12.1. With notation as above, as QQ — oo,
Qmﬂ'(GvN) <<k‘,G mkaNvﬂ-(Q) <<k,G,€ Qmﬂ'(GrN)+€

A few remarks are in order. First, taking 7 to be the (right) regular reprenentation of G, so that

m,?’N’”(Q) = mkG’N(Q), the orbits of 7m(g) are exactly the (left) cosets of the cyclic subgroup (g).
There are |G|/|(g)| such orbits, and it follows that

. 1(9)]
re G7N = TN — 1)
mreg(GLN) = min max ce =)

NZN'
Thus, for mkG’N(Q) defined in (3.4]), Conjecture implies
(122) mkG’N(Q) >>k‘,G ereg(GuN)‘

Specializing further by taking NV = G, this implies

(9)]

12.3 mf(Q) > (@) where m(G) = min max —— 9L

Second, we now consider when we should expect mg(Q) to be > Q_E#gg(Q) for every
e > 0, or more generally when mg’N’”(Q) >1.Ge Q_S#SkG’ﬂ(Q). Comparing Conjecture
with Malle’s conjecture (12.1)), it is apparent we should expect this to hold whenever there is
a normal subgroup N’ not containing N for which a,(G, N) = a,(G). Focusing again on the
regular representation, this will occur whenever there is a non-identity element of minimal order
in G contained in such an N’, and when N = G, whenever there is an element of minimal order
contained in any nontrivial proper normal subgroup. This situation arises, for example, if G = S,
for some n > 4, as A,, contains elements of order 2, and this leads to our aforementioned speculation
that m"(Q) >pne Q °#35,"(Q) for every € > 0.

Though it does not follow directly from the above conjectures, we also remark that there are
groups G for which one should even expect mg(Q) LG #3,?(@). In particular, this is what one
should expect if every non-identity element of minimal order in G is contained in the same proper
normal subgroup; this is ensured, for example, if G is not a p-group and the Sylow p-subgroup of
G is normal for the smallest prime divisor p of |G].

Lastly, we comment on the role of the ramification restrictions imposed by Pierce, Turnage-
Butterbaugh, and Wood. As described above, for certain groups G, they fix conjugacy invariant
subsets Zo C G and ask that all tamely ramified primes have inertia subgroups in Zg. An
analogous story to the above holds, but with the key quantity a.(G, N') replaced by

ar(G,N;Z¢) == min{n — #O0rb.(g) : g € N' N Z%Z¢,g # id}.

For the groups they consider (S, for n > 3, the alternating group Ay, the dihedral group D, and
the the cyclic group C,, for any n), the set Z¢ is chosen specifically so that the intersection N'NZ%Zg
is empty for every proper normal subgroup N’ <G. Thus, with the analogous definition, one should
expect m{(Q, Zg) <kge Q°F for every e > 0. We note, however, that apart from G = Cj, none
of these groups are simple, so implies that we should nonetheless expect for the full family
without restrictions on inertia that m$(Q) >x.¢ Q™ ), where m(G) > 0.

As touched upon earlier, a key advantage of our work is that all of the non-abelian groups G
considered in [44] have a unique minimal normal subgroup N, and thus unconditionally we have
mg’N(Q) = 1 independently of any of the conjectural analysis above. This is the case for many
other groups as well.
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